'Chapter 11 |

Partition Function (Q)

INTRODUCTION:

The partition function is a dimensionless quantity. It summarizes in a convenient mathematical formas to how
the energy of a system of molecule is partitional among the molecules. The partition function provides a bridge
to link the microscopic properties of individual molecules such as their discrete energy levels moment of inertia
with macroscopic properties like energy, heat capacity etc. of a system containing a large number ofmolecules.
The importance of molecular partition function is that it contains all the information needed to calculate the
thermodynamics properties of a system of independent particles.

Ensemble: A collection of large number of particle which is macroscopically same but microscopically differ-
ent.

There are three types of ensembles.

Microcanonical ensemble : The ensemble in which all element have same macrostate represented by same
number of particle N, same volume V and same energy E, i.e., macrostate is specified by (N, V, E) for all
elements (systems). All elements of microcanonical ensemble are separated by impenetrable, rigid and non-
interacting walls such that values of (N, V, E) for a particular system are not affected by the presence of other
system, i.e., all systems are isolated to each other.
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* Walls of microcanonical ensembles are impenetrable, rigid, thermally non conducting.
* Used for adiabatic process.

Canonical ensemble : The ensemble in which all elements will have same macrostate represent by same N,
V, T for all elements. The elements of a canonical ensemble are separated from each other by inpenetrable,
rigid and conducting walls such that the values of N, V, T for a particular system are not affected by others. In
canonical ensemble, each element is in thermal contact (equilibrium) with heat reservoir or with all other ele-
ments of the ensemble at temperature T. In this emsemble elements can exchange energy but not particles.
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N,V T NV, T &
o
v

$N, VT

Impenetrable Rigid Thermally
conducting

&
Na—
CAREER ENDEAVOUR,



Partition Function

197

Soln.

Grand canonical ensemble : The ensemble in which all elements will have same macrostate represent by
same W, V, T for all elements. The elements ofa grand canonical ensemble are separated from each other by
penetrable, rigid and conducting walls such that the values of u, V, T for a particular system aren’t affected by
others. Inthis ensemble the ensemble the elements are in contact with particle energy reservoir. The elements
can exchange energy as well as particles.
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It tells how the molecules are partitioned into given energy level.
*  As wave function y has all the quantum information of the particles, the partition function has all the
thermodynamic information.
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*  The number of thermally accessible energy states is equal to partition function.
Note: Instatistical thermodynamics all energies are calculated with respect to ground state.
Energy of ground state is considered to be zero.
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Since, T can never be 0 or oo. g=0—— WhenT=0

Therefore, molecule lie in between g, and g, .

Problem: The relative population of the state of a two level systemwhen T — oo is
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Problem: Asystemof N particles has among other two energy levels with g, = 2, g, =3, U, = 41.84 kJ/mol
and U, =58.58 kJ/mol . Calculate the ratio of number of particles in two energy states at 1000 K.

N 9 o~ AE/KT

N, O

AE = U, — U, =58.58 kJ/mol
=16.74 kJ/mol

For 1 mole: AE =16.74 kJ

Soln.

6.023 x 102 molecule AE =16.74 kJ

16.74

For 1 molecule = —
6.023x10

3
16.74 x10°J :&:0.201
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TRANSLATIONAL PARTITION FUNCTION
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Soln.

Soln.

Soln.

Problem-1: The translational partition function has the unit of

@V (b) 1/V (P (d) anumber

We know the partition function is just the normalization factor in calculating the probability and hence it is a
dimensionless number hence it’s unit is a number

Correct optionis (d)

Problem-2: For an ideal monatomic gas, the particle partition function ‘q’ is

3 3 % %
8rmkT 2nmkT ) h2 h?2
8nmkT 2nmkT v v
(a)( h? ]V (b)( h? ]v (C)(Snka] (d)(ankT

For an ideal monatomic gas, only translational degrees of freedoms are there. Hence the partition function is
given by

_h
21mkT

3/2

\Y
; :F where A=
\Y

3/2
q= ( Zn:]ng ] v
Correct opionis (b)

Problem: The translational partition function (q) for the H, molecule in a 100 cm? vessel at 298 K is
2.77x10%. The q for the D, molecule under the same condition would be

(@) 5.54 x 10%° (b) 3.29 x 10%°

(c) 21.25 x 10%° (d) 7.83 x 10%°

Translational partition function in 3-dimension is given by

G Where V =volume of system

:F’

3/2
- h = (qt)D2 _[ Mp, ]
N 2mmkT = |Go M X (qt)Hz

3/2

(6, =(a)y, -(2)" =2.77x10%x(2)

(9,),, =7-83x10"

Correct option is (d)

(@) Internal energy (U, J):
aln
Urans. = NKT? G
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3) 3
Urans, = NKT? (—ZT] = > NKT
3 3
For 1 mole Uy =5 NAKT = [Uyans. = ER-r

(b) Pressure:

p= NkT(—aln qt]
N

Now,qtz%:qtocV:qtocV: Ing, <InV

olnq, 1
N )V

P= NkT(%j = PV = NKT

For 1 mole PV = N,KT = PV =RT
(c) Enthalpy (H):
H=U+PV

3

For L molar, H, =Uy, + PV = RT+RT = H, =%RT

m

oH o1l5 5
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(Cv)m{a—uj ziFRT} =§R
aT), or| 2 |, 2

&=y=1+2=1+2=§; f = degree of freedom
Cy f 3 3

(e) Entropy:
Sackur-Tetrode equation:
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kT 52 O 5
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PA

trans.

Problem: Evaluate q,,,,, for Oatomat 300 K contained ina volume of 22.414 dm?,

\Y

SoIn. Qs = 5 V =22.414dm?, T =300 K

~h 6.626x107* Js
V2nmkT /2314 x16x1.38x 102 2 x 300K x 1.66 x 107" kg

34
__6626x107 455,109 =252 %10 m

 69053.87 x107%®

_22414dm* 2241410 'm)°
(2.52x10™*m)*  (2.52x107")*m?

=1.40 x10%
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Problem: Calculate the translational contribution to:
S, U, A, G, for Heat 25°C

Soln. U?n:gRT:gXS.BM ) ><298K=3716.4L

mol-K mol

HY, :%RT:%XSSM ] «208K =6193.9 1

mol-K mol

m
0

S =R —1.1514+§|nT+§|n|\/|—|nB
2 2 P

i P
_R|-11514+ 210298+ >In4—InT0 | _g314— 3 | 11514+ 2In208+ 31 4}
| 2 2 P mol-K 2 2
1261
mol-K
Al =U% — TSP =3716.4 — 298 x126.1= 338614
mol
J
GY =H? —TS? =-31382.9
moom m mol-K

ROTATIONAL PARTITION FUNCTION

-E kT
Urot. = Zgrot. € ./

Orot. = 2J+1

_BJ(+D)

; qrot. = Z (2‘] +1)e kT
J=0

Eror. = ? JU+1)

in joule

Under high temperature approx.: At high temperature summation changed into integration, because system
becomes continuous, because molecules present in higher energy level.

®© B+ w :
Qo = [ (23 +De KT dJ = [(2I+1)e ")
0 0

e+ (23 41)d]

O "8

P +l=t
_Te_m d| € B 2J+1=dt/d]
] —a |, (2J+1)dJ = dt
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kT
Bhc B=cm™

L1
J

IfBisincm™ g,y =

T

Therefore, = o )
Ao, Bhc/k = 0, = characteristic rotation temp.

As @ has no unit.

Orot _T {Valid only when l2100}
-6, 0

r

Bh h
er:TCandB: > g N _ o h?
Swile” T Tgrlic T 8rlik
k
H—Cl
H—Cl H Cl—H C  H—C
q= |
‘ Cl H ‘
360°
H—H
- H—H H H—H H  H—H
H H

360°
H —H two times comes.

T
=——forH

q 20, 2

Symmtry number (c): Number of indistinguishable configuration whicha molecule acquires during a rotation

of 360° due to these indistinguishable configuration formula of rotational partition function gets modified to

T KT

Urot, = J

50, oBhc

For example:
HCI c=1 H,O c=2
H—H c=2 Benzene o=12
NH,4 c=3 Pyridine o=2
CH, c=12
HZO_CZV = E; C21 (V]
c=2
E, C;, C2

[
c=3

CH,—T, =E, 4C,, 3C,

c=12
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Soln.

Problem: The rotational partition function (g¥) of an AB molecule at 27°C is 19.6. What would be its R

at 327°C?
(@ 19.6 (b) 27.7 (c) 39.2
For A—B molecule rotational partition function is given by

T
q" = o Where 6, = chracterstic rotation temperature

r

R

qgaT

q"(327°C) (273+327)kelvin

q%(27°C)  (273+27)kelvin

600
R(327°C)=—xq~(27°C
q°(327°C) =275 <" (27°C)
q°(327°C) =2x19.6 =39.2
Correct option is (c)

Internal energy:

uszTZ(—a'”q]
aT ),

q:L:qocT:anoclnT

G0,

(alnq] 1
a ), T

_ NKT?

U = NKkT

UJ =N KT =RT
Enthalpy:
H? =U? =RT (Asinrotation no change involume, .. H=U)

Entropy:

S:Nklnq+E:Nklnl+N—kT
T c0, T

ssz{lan} G=A=-NKkTIng

c0,

G?n :Ag*n =-RTlIn Qrot.

T T
ocBhc o6,

For linear rotor : q =

(d) 55.3
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1 kT 3/2 - 1/2
For asymmetric molecules: q=—| —
4 =5 ( hc] (ABC)

where A, B and C are rotational constants along the different axes of rotations.

o - ( kT ]3’2 8r'mk,T )"
hc h?

Rotational Translation

UZERT+§RT- CV:§R +§R:3R
2 2 2 2

Problem: (a) Calculate characteristic rotational temperature for N, molecule given temperature distance =

109.76 pm.
2 .
Soln. 0, =1 _and 1 =pr? =y, =M
8n Ik 2 my + My

= % =7 g/mol =7x1.67x107?" kg

0 = (6.626 x10°** Js)®
" 8x(3.14)2 x 7x1.66x107 x109.76 x10? x1.38 x10 % &

_ (6.626)2 x (107**)? (Js)?
8x (3.14)* x1.40x10™* kgm?® x1.38 x10** %

2
ISK 288K 1J=kgm?s?
kg m?

Problem: (b) Find out the rotational partition function at 500 K

T 500K 500
cO 2x288K 5.76

r

=2.88

=386.80

Soln. g=

Problem: Calculate rotational contribution to interval energy, enthalpy and Gibbs free energy for O, mol-
ecule at 500 K. Given internuclear distance of O, =121 pm.

! x 500K :4157L
mol-K mol

Soln. U? =RT=H{ =8314

T
G=-RTIng="RTIh—-
r

h? h?
8n?lk 8nur’k

Now, 8, = {p ~1.66x107% x ﬂ}
2

_ (6.626 x107** J-s)°
8x(3.14)" x1.66 10" x 126 kg x (121x 1072 m)? x1.38x 1072 rJ<

=2.07K
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T 500K
60, 2x2.07K

r

=120.77

q:
G=-RTlIng

:—RTInL

G0,

J
mol-K
=-19928.7 J/mol
A =-19928.7 J/mol

=-8.314 x 500 K In (120.77)
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