Angular Momentum & Spin

. [éz, SAZJ =0 i.e. they have simultaneous eigenstate as following:
S2|s,mg)=s(s+1)A%|s, ms)

S, |s,mg)=mgn|s,mg)
* Raising and lowering operators are defined as following:

|s ms) h\/ (s+mg+1)|s, mg+1)

S_|s,mg)= h\/(s+ ms)(s—ms +1) [s, mg —1)

1 1 1
*Fora spm particles like electrons, m_can take values > and L so the possible spin states are

11
Spin-up state: X2 = ‘T> = ‘E,E>

1 1
Spin-down state: X-12 = ‘ > 2 o

such that

~ 3 ~ 3
2 2 2 2
S xu2 :Zh Xuz s S X Zzh X112

A A

S, Xu2 :Eluz v S X ZEZ_uz

S t2=0, S, x 12 ="xy,

S_ X2 =Xz, S_X_1=0
Matrix representation of the various spin operatorsfor a spin-%zparticle:
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Eigenvalues and eigenvectors of §Z :

h
Eigenvalues: A = iE

. 1 A 0 h
Eigenvectors: y,, = {0} for A= 5 and -1 = L} for A = ™
Eigenvalues and eigenvectors of §X 4

h
Eigenvalues: 4 = iE

_ 1[1] 1 h
Eigenvectors: 714 Zﬁ[xﬂz + X2 forﬁ,zE

i 1 —i[ _ ] forl—_ﬁ
and NA BN X2 = X-12 5

Eigenvalues and eigenvectors of §y :

h
Eigenvalues: 4 = iE

_ 1[1] 1 . h
Eigenvectors: 7| Zﬁ[xﬂz +ix_u] forﬂ,zE

1
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and — == —i for A=——
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* Pauli Spin Matrices:
Spin angular momentum can be related with Pauli spin vector as follows:

§:

o)

N | St

01 0 -i 1 0
where Oy =(1 0], Oy :(i 0 ] op} :(0 _J are components of the Pauli spin vectors and known

as Pauli spin matrices. These matrices satisfies the following conditions:
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Soln.

Soln.

(1) 03:G§:G§:|

(II) dok +dej :{Gj, Gk}:2|5jk

(iii) [ 0}, o |=2i 20y

(iv) Paulispin matrices are hermitian, traceless and determinant is —1.

(v) oxoyo, =il

(vi) Since spin does not depend on spatial degrees of freedom then the components of spin Sy, Sy, S;
commute with all spatial operators i.e. momentum, position, orbital angular momentum.

(vii) €“°J = I cosa +iojsina

(viii) For any two vectors A and B, (5.A)(5.I§)z(ﬂ.l§)l +io-.(,&>< E)

Example 6. The wave function of an electron at an instant is given by w = f (r,0)e? 5/, . Calculate the

average value of z-component of its magnetic moment.
The operator for the z-component of the magnetic moment is

Hy = Hyz + Hgz :‘uh_BLz +2‘uh_BSz

The average value of 4, inthegiven stateis (1) = (v |1, |v )

Now, ,UZ|W>:%[LZ|W>+ZSZ|W>]

The given wave function is y = f (r,0)e?? 7./, The ¢ dependent part is ¢2¢ . This shows that it is an

eigenfunction of L witheigenvlaue 27 . The spin dependent partis yy,, . Thisshows that it is an eigenfunction

h
of S with eigenvalue + 5 Thus

h
L, [y)=2n|y)and S;|v)=Zv)

fi
Therefore, Uz |l//> 2#78[27’|‘/’>+25|W>}

So, (wnglw)=ng[2(w lw)+(wlv)]=3ug

Example 7. The spin part of the wave function of a spin-¥2 particle is cosa yy, +sina e/fx-v2 The x-

component of the spin is measured. Find the probability of getting the result PE Here « and B are real
constants.

The wave function before the measurementiis | z;) = cosa,,, . +sina e y_y5.

X112

The wave function after the measurement will be eigenfunction of S _corresponding to the eigenvalue o e
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