Chapter 4

Angular Momentum and Spin

4.1. Orbital angular momentum :

In classical mechanics, the angular momentum L of a particle is defined as

. ~

C=7xp=(yp,—2py )i + (2P, —xp.) T+ (Xpy - yPy K

Replacing the position and momentum co-ordinates by the equivalent quantum mechanical operators, we

can have
Cartesian co-ordinates Spherical Polar Co-ordiantes
L —in yﬁ—zi i% sin¢5i+cot9cos¢i
x 0z oy 00 o¢
L —ih zi—xi in —cosq5i+cot93in¢i
y ox oz 00 0¢
[ —Ih xi— yi —lhi
z oy OX op
2
~ ~h’ ;i(sineij+%6—2
L sin@ 00 20 ) sin’0 o¢
Commmutation Relations
(L. L ]=inL, L, L |=inL, L, L |=inL,
[C,, L, ]=-in, [, L, ]=-in, [, L] =i,
i.e. the components of the orbital angular momentums cannot be measured simultaneously accurately.
L =0 (L ]=0 [C.L]=0
I.e. square of the orbital angular momentum commutes with any one of components of the orbital angular
momentum.

(L. p,]=0 [L,.p,]=0 (L. 5, |=0
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L. b, |=inp, L, B, |=inp, . b, ]=inp,

I '
L.%]=0 L, 9]=0 L.2]=0
:I:X,ﬂzlhz :I:y,i]:ihi :I:Z,f(]:lhy

Eigevalues and eigenfunctions of 1% and I;:

Since, the commutator bracket [I?, I:J =0, therefore ? and IZZ can be measured simultaneously accurately

and both have simultaneous eigenfunctions or eigenkets. Denoting the simultaneous eigenkets by | I,m, > (where
I and m, are the orbital quantum number and orbital magnetic quantum number respectively), the eigenvalue

equation for L? and L, can be written as
C2[1,m ) =1(1+2)72|l,m,)
L, |1, m)=ma[l,m)
Alternate form: Since, L2 and I:Z depends on 6, ¢ then their eigen function is function of 6, ¢ i.e.
Yy, (0,9) = (L)1 1, (6, 9)
LYy m (6.8)=mAY,m (6, 9)

where Y, (6, ¢) is said to be Spherical Harmonics and defined as

Y|7mI (H,qo) _ 8\/(2£ +1) (ﬁ —|m| |)| lell (Cosg)eim|¢

ar ) (0+|mf)

where ¢ = (-1)™ for m; >0 and & =1 for m; <0.

Raising and Lowering Operators:

Raising Operator: L, =L, +iLl,

Lowering Operator: L =L, —iL,

Important relations:
[EZ,I;]:hI; [EZ,E_]:—hE_ [EX,I;]:—hI:Z [EX,E_J:hEZ
[, L, |=-inL, (L |=inl, [C.C|=2nL,
L =C-2+nL, LC =C-12-nL,

Actionof [_and L_:

I:+|I,m|>:\/(£—m,)(l +m, +1)a|l,m, +1)

ie. LY, (6.0)=y(¢-m)(1+m+1)aY, . (6,9)
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I:_|I,m,>=\/(£+m,)(l—mI +1)n|l,m -1)

ie. LY, (6,¢)=y(t+m)(1-m+1) 7Y, (0.9)

Matrix Representation of the operators:

Elements of [2 = <£', m "I?‘f,m|>=£(£ +1)h2 S¢¢' Omm,*, Will be non-zero for | = 1" and m, = m, i.e.
22 0 0
1 00
2=|0 2n* 0 |=2#%|0 1 O (forl=1)
0 0 2# 0 01
Elements of IZZ = <€', m, "I:Z‘E,m|>: M7 8¢ Smm,*, will be non-zero for I =1 and m, = m i.e.
n 0 0 1 00
L,=/0 0 0 |=al0 0 0 |(forl=1)
0 0 -n 0 0 -1

Elements of |, :<f', m, "l;‘ﬁ, m, > = h\/(f =my)(¢+my +1) Sgpr S, m,+1, will be non-zero for

I=1"andm, =m, +1ie.

0 v2rn 0 01 0
L,=]0 0 J2nr|=+2r|0 0 1|(forl=1)
00 0 000

Elements of |:+ :<f', m, "IZ_‘E, m, > = h\/(f +mp)(£—my +1) 60 Sm, ", m,~1, will be non-zero for
I=1'andm =m -1lie.

000
L =v2#r1 0 of (forl=1)
01 0

Expectation values in the state |£,m,):

(L)=0, (Cy)=0, (L) =mn

(2)= ()2 (rsn)-nf], (2)=m

Example 1: Which of the following are eigenfunctions of L ? For the cases where the function is an eigenfuntion
of L, find the correspondence eigenvalue.

(a) sing e (b) ¢'(0+?) © €%sing (d) r" cos@
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CAREER ENDEAVOUR

Soln.  Weknow, L, = —ihi
o9

(a) —ih%(sin 0 ei¢) = (~in)sin0(i)e'¢ = nsino e
So, sin®e'? isan eigenfunction of L, and the corresponding eigenvalue is 7 .
. 0 _i(6+9) 2y () o1(0+9) i(6+9)
—1h—e =(-lk)(1)e = he
(o) 175 (=in)(i)
So, ¢!(0+%) is an eigenfunction of L and the corresponding eigenvalue is 7 .
L 0 0 N e 0
(c) |h%(e sin ¢) =—ihe"” coS¢
So, €'’ sin @ is not eigenfunction of L.
- 6 n _ _ n
(d) —|h%(r cos@) =0= 0.(r cos@)
So, r" cos @ isan eigenfunction of L, and the corresponding eigenvalue is zero.

Example 2. (a) Is cosO +sin @ e'? an eigenfunction of L2 and L. ? Ifyes, what are the corresponding eigen-
values?

3 3 . i
Soln. (a) We know that, Y10 (6, ¢) = ’/E cosd and Y11(0,¢) =,/§ sing e'?

Thus cosd +sind €' = c,Y; o (6, ¢) +c,Y11 (6, ¢) where ¢, ¢, are constant.
L* (cos0+sin0 6) = 1LYy (0, ) + CoLYy, (6, 6)
= ¢ 2117, o (0, 8) + €221y 1 (6, §)
=21 [ ¢y (6, )+ Co¥11 (0, 9) |=20° [cos@ +sin@ eiﬂ
Thus, cosé +sin 6 e isan eigenfunction of L2 and the corresponding eigenvalue is 272
(b) L, (c039 +sin@ e‘¢) =1L, Y10(0, 9) + oL Y (6, §) = ¢1.0+ CoiYy 4 (0, ¢) = hsin 0 el?

Thus, cos@ +sin @ e is not an eigenfunction of L.

5
Example 3. Itisgiventhat Y20 (0, ¢) =, /E (30052 0- 1) . Find the expressions for Y 1 (6, ¢).

Soln.  Expressions for Lyand Ly are giveninterms of 6, ¢ . Using these,

L =L +iLy =he? (%Hcotea—a(b]

You can write Y, o(6, ¢)as |2, 0). Also, L, |/ m)= h\/(é—m)(u m+1)|¢ m+1)




