Chapter 1

VECTOR ALGEBRA

1.1 Basic Review of Vectors
B Definition:

Physical quantities having both magnitude and a definite direction in space. It should follow the law of vector
addition.
Example: \elocity, Acceleration, Momentum, Force, Electric Field, Torque, etc.

Note: Current is a physical quantity that has both magnitude and direction but it does not follow the law of
vector addition. So, current is a scalar quantity.

B \Various type of vectors:

(1) Equal vectors: Vectors having same magnitude and same direction.

(2) Null Vectors: Vectors having coincident initial and terminal point i.e. its magnitude is zero and it has
any arbitrary direction.

| o1

(3) Unit Vector: Vector having unit magnitude. Unit vector along a is & =

jab]

(4) Reciprocal Vector: Vector having same direction as & but magnitude reciprocal to that of &, is

A

. . S R |
known as the reciprocal vector of 3. Reciprocal vector of 3 is 3+ = Ha
a

(5) Negative Vector: Vectors having same magnitude as & but direction opposite to that of &, is known

as the negative vector of &. Negative vector as & is —a = —|a|4

B Orthogonal Resolution of Vectors:

Any vector A in the 3-D right- handed rectangular cartesian coordinate system can be represented as
OP=A=Ai+A]+Ak,

where, §, ] and k are the unit vectors in direction of x, y and z axis respectively and A, A, A, are the

rectangular components of vector A along x, y, z axis.

Magnitude of vector Ais|Al = JA A A

Unit vector along A is A:A/‘A‘:(AforijJrAzﬁ)/ /AX2+A5+AZ2
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B Direction cosines of vector A:

If A makes angles e, 5, ywith x, y and z axes respectively, then direction cosines of A are defined as

A Ay A
= = . = = n= = 12 + m2 + n2=1
| =cosa A m = cosf A n = cosy A and

Note: Unit vector along A can be writtenas A = I + mj +nk

1.2 Products of Vectors

B Scalar Product or Dot Product:

Dot product of two vectors & and b are defined as
ab
g

b = a|‘6‘c039:>c030 =

D)

Note:
(i) Dot product is commutative in nature i.e. 5-b =b -a

(ii) For two mutually perpendicular vectors @ and b, &-b =0

i) i -j=j-k=k-i=0,i-i=]-j=k-k=1

(v Ifa=a,+a,j+ak and b=b,i+b, j+bk,thenab=ab, +ab, +a,b,
(v) Projectionof A on B= A.B

B Vector Product or Cross Product :

Cross product of two vectors @ and b are defined as & xb = |3 ‘5‘ sin@n

where fi is unit vector normal to the plane containing & and b.
Note:
(i) Cross product is not commutative i.e. 5 xb = —(Bx a)

(i) For two collinear vectors (parallel or anti-parallel vectors) gxp = 0.

~ ~ ~ A A

iii) ixi=jxj=kxk=0, {x]=

N

K, jxk=1,kxi=]
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. . ~ 2 ~ = ~ - ~ . - _|a a a

(V) Ifd=a,i+a,j+ak and b=b,i +b, j+bk,then axb="> v ™
b, b, b,

Example 1: The range of x for which the angle between the vectors

A=2x% +4xj+k and B =71 - 2]+ xk
is obtuse, is equal to
(@ x<0 (b) x>1/2 (c)0<x<1/2 (d) None of these

Soln:

Soln:

Soln:

Soln:

Since, 90° <6 <180°, then cos@ <0 = AB <0=14x"-7x < 0= x(2x-1) <0

Case |I: x>0and (2X—l)<0:>X<%. Therefore, 0<X<%

1 e
Case II: x<0and (2x-1)>0= x> > Both of them cannot be satisfied simultaneously
Correct option is (c)
Example 2: Given: d=3 —2]+k,b =i -3]+5kand ¢=2i + =4k are the sides of

(@) anisosceles triangle (b) aright-angled triangle
(c) anequilateral triangle (d) none of these

For the given set of vectors, a.c =0 = & is perpendicular to ¢ and
—|2
4" +[cf =14+ 21=35=p|

Therefore, a, ¢ will correspond to base and height respectivelyand p will correspond to hypotenus i.e. the

given set of vectors are sides of a right-angled triangle.
Correct option is (b)

Example 3: Given : P=2-3], Q=i +]-k, R=3 -k, the vector V| which isorthogonal to P and Q and having
unit scalar product with R , can be estimated to be
(a) (37 +2]+5k)/4 () (37+2]-5k)/4 (c) (3T-2]+5k)/4 (q) (37-2]-5K)/4

Unit vector along v/ js\j = P XQ _ 31 +2]+5K

‘5x(§‘ INET
According to the question, V.R =1= (V\?)ﬁ =1V = @

Correct option is (a)

- . A2 . 212 . ~|2 .
Example 4: Forany vector &, thevalueof‘axl‘ +‘ax1 +‘a><k isequal to

@ |af° (b) 2[af (©) a (d) 2a?

Let a=ayi +a, ] + a5k (Here, a,, a,, a, are not constants)
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A

axi=ak-as]j

= /a; +aZ
Similarly, |ax j|=\/a? +aZ and  [axk

’ :2(a12+a2 +a3):2|é|

‘éxf

:‘2 — 2
‘ﬁxl +‘a><]

2 _ PN
+‘a><k

Correct option is (b)

A

Example 5: If F=i+3j—k acts at the point (1, 1, 1), then the torque of F about the line
F =30 +2k+(2f —2] +K)t is
Soln: We first find the vector torque about a point on the line, say the point (3, 0, 2).

Thisis ¥ x F , where T is the vector from the point about

which we want the torque, to the point at which

=l
T

F acts, that is, from (3, 0, 2) to (1, 1, 1).

r:(hj+|2)—(3f+2|2):—2f+j—|2 o
]k

FxF=|-2 1 -1=27+3]-7k
1 3 -

. - A . = AL . . ~ 1 o~ 2 -
The torque about the line is n -(r X F) where N isa unit vector along the line n =§(ZI -2j+ k)

Therefore, torque about the ling, f .(r % F ) =1
Correct answer is (1)

B Scalar Triple Product:

Scalar triple product of three vectors d,b and ¢ are defined as

a

X y z

a.6x0)= > B Pf-fang
C

X y z
Note:
(i) d-(bxC) = b-(Cxa) = ¢-(axb) i.e. [abc] = [bca] = [cab]

(ii) Volume of a parallelopiped having 3, b, ¢ as concurrent edges is :V:‘é-(ﬁxé)‘




