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Limit, Continuity

Definition: Limit of a function f (x) is said to exist, as x — a a wehen

lim f (a—h) = lim f (a+h)=finite
h—0* h—0"
(Left hand limit) (Right hand limit)

Note that we are not intersted in knowing about what happens at x = a. Also note that if L.H.L & R.H.L are
both tending towards 'oo'or '—o0' , then it is said to be infinite limit.

Remember, X — @, means that x is approcing to ‘a’ notequl to ‘a’

Fundamental theorems on limits :

Let lim f (x)=¢ andlimg(x)=m. if| & mare finite, then

@ lim{f(x)+g(x)j=r£m o) lim{f (x)-g(x)}=¢-m.
f(x) ¢ _ : :
©) 'X'f;g(x)zav provided m#0 (d) L'LT;kf(X)=k|XIL2f(X)=kf: where k is a constant

(e) lim f (g(x))= f(limg(x)): f(m); provided fis continuous atg(x) = m.

X—a X—a

Standard Limits:

. ...sinx . tanXx
@M lim——-=Ilim——-=1
x—0 X x—0 X
-1 -1
0 Iimtan x:“msm le
x—0 X x—0 X
T Ux . . Ux _ _a
(iii) Ixm(1+x) =e Ixm(1+ax) =e
(iv) Iim[1+1j =g Iim[1+3j =¢?
X—00 X X—00 X
ooet=1 . a'-1
) leﬂg » =1; legg < =log,a=/na ,a>0
.o n(l+x
(VI) ||nggzl
(i) lim X =2 —pa

X—a X_a
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Sandwitch theorem or squeeze paly theorem
Suppose that f (x)< g(x)<h(x) forallx in some open interval containing a, except possibly atx = a itself.
suppose also that
lim f (x)=¢=limh(x), a,

X—a X—a

then Ixig;g(x)zf_
Contiinuity & derivability: P T

Afunction f (x) issaid to be continuousat x = ¢, if lim f (x) = f (c)

ie, lim f (c—h):hILrg)] f(c+h)=f(c)
Ifa function f(x) is continuous at x = ¢, the graph of f(x) at the corresponding point (c, f (c)) will not be broken.

But if f (x) is discontinuous at x = ¢, then graph will be broken whenx =c¢

' ’/’
/ Y )

l Y1 Y /
o/ | / I ® /
{ ,v” o~ A
/ _ L e / :
‘ ; '
— 4 > " > _ - >
(@) ¥ B c (®) C X ®) Cc .
(1 (i) (1i1) (iv)
((i), (i1) and (iii) are discontinuous atx = c)
((iv) is continuosu at x = c)
A function f can be discontinuous due to any of the following three reasons:
(i) lim f (X) does not existi.e., lim (x)=# lim (x) (Fig.i)
(i) f(x)isnotdefined atx =c (Fig.ii)

(i) lim f (x)# f (c), geometrically, the-graphof the function will exhibit a break atx = ¢ (Fig.iii)

Differentiablility of a Function at a Point:

(i) The right hand derivative of f (x) atx=a denoted by f'(a*) is defined by:

. f(a+h)-f(a) . s
RH.D.=f'@")= h“T - , provided the limit exists.
(i) The left hand derivative of f(x) at x =a denoted by f'(a") is defined by:
f(a+h)-f(a)

L.H.D.=f‘(a*)=h|irgl , provided the limit exists.
A function f(x) is said to be differentiable atx =aif f'(a")= f’(a") = finite

f(a+h)-f(a)

By definition f'(a)= lim

h—0"
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ax’+b if x<2

. ) is both continuous and differentiable
X if x>2

Ex.  Thefunction f(x):{
(@ Whena=1andb=2
(b) Whena=3andb=1
(c) Forallvalues of aand b satisfying the equation4a+b =8
(d) Whena=3andb=-4
Soln. fiscontinuousatx=2
= lim f(x) = lim f(x) = 1(2)
. JL@(aXZ +b) = X|Lr£] x> =4a+b
= 4a+b=8=4a+b
= 4a+b=8 ()
Also, fis differentiable atx =2
= LHDatx=2=RHDatx=2

d ., d-
N [&(ax +b)} =&[x ]x=2

x=2

= [2ax] _,= [3x2]X=2

= 4a=12

= a=3

from(i),b=8-4a=8-4%x3=8-12=-4
b=-4

Correctoptionis (d)
Ex.  The functionsinx|is

(@ Continuous and differentiable atx = (b) Continuous but not differentiable atx ==

(c) Differentiable butnotcontinuousatx== (d) Neither continuous nor differentiable atx=n=
Soln. Letf(x) =sin|x|

lim f (x) = lim (sin|x[) = sin(x) =0

=1erlf(n)= f(m)

= fiscontinuousat x ==

Again, f'(m) = lim T -m
X—7

X—>n

. sin| x|-sin . sin|x . sin(x
=I|mM:I|m | |:I|m (x)
X—>T X—TE X—>7 X—TE X—>7 X—TE
_ 1. €0oS(X) .
= lim —— (L’Hospital rule)
X—>T
= cos(n)= -1

Thus, fis differentiableat x =n & f'(n)=-1
Correctoptionis(a)
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Differentiation:
Derivative of a function : Derivative of a function f (x) with respect to x is denoted by f”(x) and defined by

f(x+h)—f(x)
h
Provided that limit exists

o0 =i

Algebra of derivative of function :

©  sumrule L (F(0+30) = F(0)+-(9()

(2)  Difference rule %( f(x)-g(x)) = %( f (X))—%(Q(X))

3 Productrule%(f(X)'g(X))=9(X)'%(f(X))+f(X)'%(g(X))

(€] Quotient rule d
dx

f(x) g(x)'i((f(x))— f(X)-SX(g(x))
(G(XJ_ (9(0)’

d d
(5)  Scalar multiplication rule &(a.f (X)) = a.&( f(x))

(6) ChainRule %( f(g(x))=f'(9(x)).g'(x)
Derivative of special functions

d, .
&(sm(x)) =c0s(X)

d .

&(cos(x))z—sm(x)
i(tan X) = sec’(x)

dx

i(cotx)=—cosec2(x)

dx

i(sec X) =sec(X)-tan(x)
dx

%(cos ecx) = —cosec(x) - cot(x)

d . .
—(SIn " X) =
dX( ) 1—x2

d
—(costx) =
dX( ) 1-x?
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d a4
— (tantx) =
dx( ) 1+ x?

d 4 -1
—(cot™x) =
dx ( ) 1+ X2

d —(sec*x) =

dx |X|«/X _

d -1
—(cosec™'X) = ————
dx |X|/x* -1

d ny _ n-1
dx(X ) =nx

8(1).n
dx \ x" _Xn+1

d X\ _ A X
o @) =2alog(a)

d X X

—((e")=e

OIX( )

Logarthmic Differentiation

If £ (%) = (u(x))"”

= log(f (x)) =Vv(x).log(u(x))
Differentiating both side w.r.t.x

= [|09( f(x)] = [V(X) log(u(x))]

= m f'(x) =v(x)- ﬁ u'(x) +Vv'(x)log(u(x))
(X)) = f(x ){"(X)( )( )+v’(x).log(u(x))}

Exponential Differentiation

If f(x)=a" where a>0,a=1then —( (X)) = (ag(”) a'™ g*.(x)log(a)

Parametric Differentiation
If y=f(t)and x = g(t) where tis parameter
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dy
dy _qt _ T
dx A g'(t)
dt

dy
— vy —Z
Ex. Ify=x"then i is

2

y

@ @ ylog(x) ®) yxr™

y

x(1—ylog(x)) (d) yx"*log(x)

(©
Soln. y=x’

taking log both side

= log(y) = log(x’)

= log(y) =ylog(x)

Differentiating both side w.r.t.x

d d
=1 =—(yl
- OIX(og(y)) OIX(y 0g(x))
1 dy 1 y
=2 |
3yxdx y +09(X)d

1—ylog(x).d_yzl

= y dx X
dy__ ¥

= dx x(1-ylog(x))

Correctoptionis(a)
Ex.  Thederivative of xlog(x) with respect to x is

1 1
(@ log(ex) (b) x +log(x) (©) 1+; (d) X+;
d
Soln. d—(xlog(x))
X

=X é+1. log(x) =1+ log(x) = log(e) + log(x)

= log(ex)
Correctoptionis(a)
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Ex.

Soln.

Ex.

Soln.

Ex.

Soln.

Limit, Continuity and Differentiability Chapter -3
. . - . 4(1-x).
The differential Co-efficient of sin Tix §
+ X

- —8x?
@ Toxy ) Ty © T (@) Nore

Differential Co-efficient = di(sin1 (l—n
X

1+x

\/1—(1_)(j2 %G;ij

_ 14x LA+ 0(D) - (1-0@)
JA+x)? = (1-x)? (1+x)?

_ l+x o Al-x-14x 14x -2 -1

- J2.2%) - @+x)? 2dx @+x) (L)X

Correctoptionis (d)

If f(x+y)="f(x)-f(y)forallxandyandf(5)=2, f'(0)=3then f'(5)is
@ 5 (b) 6 © 0 (d) 3

£/(5) = lim L) =T O _jjpy TEFN = 1)
x5 X—5 h—0 h

it TG -f(6) 2

h—0 h h—0
Since f(x+y)=f(x): f(y)
= f(l+0)=f() f(0)= f(2)="F(1)- f(0)

(f(h)-1)
h

= f(0)=1
So, f'(5) = LILT(\) 2(1‘(?}%—01‘(0)) =2-f'(0)=2.3=6
Correctoptionis (b)
i F(0 = xzsin(%j,x #0

0, x=0
(@ fisnotdifferentiable at0 () f'(0)=0
(© f'(0)=1 d f'(0)=2

) —tim 1= _ )T Sin(X)_o

x—>0 x—-0 x—0 X




Ex.

Soln.

Ex.

Soln.

Ex.

Chapter-3

= lim xsin (3] =0

x—>0 X
fisdifferentiable & f'(0) =0
Correctoptionis (b)
The function f (x) = x|x|is
(a) differentiableatx =0and f'(0) =0
(c) notcontinuousatx=0

X, x>0
f = = !
() =x]x {—xz, X<0
J— J— 2 J—
LHD = lim 1= TO) _ yjp, X =0
x—0" X—0 x—0" X
=lim(-x)=0
x—0"
J— 2 f—
x—0* X—0 x=0" X —0

Since LHD=RHD atx=0
Therefore, fis differentiable atx =0
= fiscontinuousatx=0

Also, f'(0)=0
Correctoptionis(a)

If y=x"th @y It
y=x",then - isequalto

@ x*(x-In(x))
y=x"

= log(y) = xlog(x)
Differentiating both side w.r.t.x

(b) x*(@-In(x))

d d
= 5, (ogy) = (xlog(x))

ML

= = x-£+1.log(x))
dx X

1
y
dy x

= G y(1+log(x)) = x"(1+log(x))
Correctoptionis(c)

The function f (X) =| x|is

(@ Continuous but not differentiable in R
(c) Not continuous but differentiable in R

Limit, Continuity and Differentiability

(b) notdifferentiable through continuousatx =0
(d) differentiableatx=0and f '(0) =1

irrg(x)zo

© x*(1+In(x)) (@) x*(x+In(x))

(b) Continuousand differentiable in R
(d) Neither continuous nor differentiable in R

37
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Soln.

Ex.

Soln.

Ex.

Soln.

Ex.

Limit, Continuity and Differentiability

X, x>0

|X|: -X,X<0

lim |x|= Iino1+|x|= f(0)=0

x—0"

f iscontinuousat x =0

= f iscontinuouson R

But LHD = lim =@, x=0_
x—>0~ X—0 x>0~ X
RHD = |imM= IimX__O=1
x—0" X—-0 x>0t X

sincé LHD # RHD
Therefore, f is not differentiable atx=0

Hence, f (x) =|x|is contiuous but not differentiable in[ .
Correctoptionis(a)

1
Differentiate In(x) with respect to M
-1 L
@ (b) - © x

Let U =In(x),v _1
X

w1
du:ﬂ_i__x
dv v

dx x°

Correctoptionis (d)
The derivative of cos™ (sin(x))withrespect tox is

@ o0 (b) cotx (c) -1

%(cosl(sin(x)))

ool -85

Correctoptionis(c)

d
If x¥ =e*Ythen & is
dx

log(x) ylog(X) xlog(x)

@ TogeF ® Xoglex] © Tog(e")P

Chapter -3

(d) —x

(d) sin(x)-cos(x)

x log(x)
) Tlog(e")]




Ex.

Soln.

Chapter-3 Limit, Continuity and Differentiability

xY = e*y

taking log both side

= ylog(x) = (x—y)log(e)

= ylog(x)=x-y .. 0)
Differentiating both side w.r.t.x.

N %(ylog(x»%(x—y)

=y 2+ Potogny =1L
X dx dx

N Y 14 10g(x)) =1-Y
dx X
dy  x-y

dx  x(+logx)  (from()and loge=1)

ﬂ: y log x
dx  xlog(ex) (" x=y=ylogx)

Correctoptionis (b)
Ify isa function of x defined

The derivative of y with respect to X is

ya*In(a) ya*In(a) ya“In(a)

@ Gyzar ®, GRARC NS
1

y=a"+—

y—l—ax (i)

dy 1 dy |
= &+7-&=a log(a)
= dy 1+i2 =a"log(a)

dx y

N dy _y*a*log(a) _ ya*log(a)
SR A -
dx y’+1 y+)1/

@

ya*In(a)
2(y+a*)

39
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from (i),

dy _ ya*log(a)
% dx  2y-a*

Correctoptionis (b)

Ex.  Thevalue ofthe derivative of y =tan" Xz0at x=1is

1|:\/H7—1]

1 1 1 1
@ 1505 O © 5 O
/ 2
Soln. Y= tan* {M]
' X
Let x=tan@
y=tant V1+tan®6 -1
tan @
y= tanl(sec@—l)
tan @
‘- seco —i
y- anl(l—cos@] cosd
sing@ tan0:—5m0
cos@

Zsinz(zj
=tan*
e Se(2)
2sin| — |cos| —
2 2




Ex.

Soln.

Ex.

Soln.

Chapter-3

y=tan™' (tan gj = g = %tanl(x)

1. . dy 1
=—tan"(X) > —==
Y= )= = 2
dyp 1 1
dx|,, 2(1+1) 4

Correctoptionis (d)

Limit, Continuity and Differentiability

@ -1 (b) O © 1

y=4Xty
= yP=X+Yy
Differentiating with respect to x

.ﬂ=1+ﬂ

2
= ydx dx

d
= @y-D2 =1
dx

dy 1

= dx 2y-1

1 p—
2x0-1
Correctoptionis(a)

dy
At(0,0) o

The value of %(X In(x) +(1=x)In(1~x)) is

1—
L T L G CE
%(x In(x) + (- x)In(1—x))

= %[x In(x)] +%[(1— x)In(1-x)]

L (D)4 (-1)In(-x)

—x L LI+ (1-X)x
X 1-x

=1+In(x)-1-In(1-X)
=In(x)—-In(1-x)

ol

@ 2

d) 2+In (ﬁj

41
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Correctoptionis(a)
Ex.  Ifu(x)and v(x) are differentiable at x =0, and if u(0) =5, u'(0) = -3, v(0) = -1 and v'(0) = 2 then value of

i(uv+£]atx: Ois
dx Vv
(@ -20 (b) -7 (c) 6 d) 3
i(uv+£j—i(uv)+i[gj
Soln. dx v) dx dx\ v
S dv
=U.Q+V%+M
dx  dx v
Atx=0,
d u , , v(0).u'(0) —u(0)v'(0)
a;@w+;j=wmﬂ(m+vww(m+ O
(-1).(-3)-5.2
=5x2+(-1)-(3)+—————
<2+ (DB
1043+ 320 13726
Correctoptionis(c)
Ex.  If x* +y? =cos(x+ y)then
dy _ —(2x+sin(x+Y)) dy _ 2x+sin(x+y)
@ dx  2y+sin(x+Yy) (b) dx 2y+sin(x+y)
dy _ 2x—sin(x+y) dy _ 2x—sin(x+y)
© dx 2y+sin(x+Yy) @ dx 2y-sin(x+Yy)

Soln. X2 +y? =cos(x+Y)

= 2x+2yﬂ= —sin(x+ y)-(1+ﬂ]
dx dx

= 2x+2yd—y =—sin(X+y)—sin(x + y)ﬂ
dx dx

—  2X+sin(x+y)=—[sin(x+Yy) +2y]%
X

dy _ 2x+sin(x+Yy)

= dx  2y+sin(x+Y)
Correctoptionis(a)

d
Ex. If 29 =e*then &y is
dx

1 1
@ h@ ) Tnz) © e @ =

Soln. 2y —g*




Ex.

Soln.

Ex.

Soln.

Second order derivative : If y = f (x) is a function then

Ex.

Soln.

Soln.

Chapter-3

d oy d
= &)= )

= 2yln(2)d—y=eX
dx

dy ¢ 2’ 1

= dx 2'In(2) 2'In(2) In(2)
Correctoptionis (b)

If f(x)=4x*sin(2x) then its first derivative is
(@) 4x®cos(2x)+8xsin(2x)
() 8x?cos(2x)+8xsin(2x)
f (X) = 4x* sin(2x)
f'(x) =8xsin(2x) +4x°.2cos(2x)
= f'(x) =8xsin(2x) +8x*cos(2x)

Correctoptionis(c)
The derivative of 2*with respect to x is

() In(x)-2" () x-2** © 1(2)-2*

i(2*) =2"/n(2)
dx

because di(ax) =a*/n(a) va>0,a=1
X

Correctoptionis(c)

Limit, Continuity and Differentiability

(b) —4x*cos(2x) +8xsin(2x)
(d) —8x*cos(2x)+8xsin(2x)

(d) 2.2°

d oy - . -
—i= f'(X) is called first order derivative and

2
f"(x)= i( f'(x))= i(d_y} _ g is called second order derivative of y w.r.t.x.
dx dx\dx/ dx
°y
If y=ae* +be *then v isequal to
l b ﬂ d 2
@y (b) y © 4 @y
y=ae" +be™”
dy _
-~ =ae" —he™
= dx
d?y _
=ae* +be™* =
= 0 y
Correctoptionis (b)
2 —
For large values of n, the value of nn +1n tends to JNU-11
@ o ) o (1 (d) anunknown value

s.as n— oo We have,
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. n’-n
lim
noe 41

im0

n—o n (1+ 1]
n

Correctoptionis(a)
Ex.  Thefunction f (x)=x|x| is

df
(@) Differentiable at x=0and ™ atx=0iszero

(b) Not differentiable through continuousatx =0
(c) Notcontinuousatx=0

df
(d) Differentiable atx =0 and x| is1.
x=0
x>, x>0
f = = !
Soln.  F(x)=x][x| {_Xz, < <0
£0) = lim - =1O) _ iy 1)
x—0 X—0 x—>0 X
_y2
LHD = tim ~%) _im 2 jim (=x) =0
x—>0" X x—>0" X x—0"
2
RHD = fim +) _ jim X~ lim x=0
x—>0" X x—>0" X x—0"

fisdifferenatiablex=0and f'(0) =0
Correctoptionis(a)

Ex.  Considerthe curve y =cos(x)-1xe E %n} . Tangent at point p on the curve is parallel to the x-axis. Then

co-ordinates of the point p are

T T

@ (n.2) (b) [5'—1] © (7-2) (d) (31)
Soln. y=cos(x)-1

dy

v sin(x)

Since tangent is parallel to x- axis

:%zO:sin(x)=O:>X=naneZ

X

T 3n
el=, =|=>x=n
{2 2}

= y=cos(n)-1=-1-1=-2
pointpis (m, —2)
Option (c) iscorrect




