CHAPTER

Particle in aBox

Particlein a Box

Particle in One Dimensional Box:

In this problema particle of mass is placed in a one dimensional box of length | particle is free to move. Box
have infinite walls.
It isassumed that the potential energy of particle is zero every where inside the Box i.e.
V(x) =0.
The time-independent one-dimension Schrodinger equation will be

(E-V)y =0 (1)

dx>  h? (E=ly=0
Neglecting E is comparison to « , we have
o0 ¢ )
V =0 V:_O V=00
w=0 Inside y=0

0 I

dy 1d%y

ac VYT

Thatis y =0 outside the box. This means that the particle cannot exist outside the region 0 <x <.
Within the box, the schrodinger equation for the motion of the particle takes the form.

d’w  8z’m
o e =0
d2y
o Tev=0 ()
87°’mE
where, o’ = ﬂhrzn ..(3)
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Particle in a Box

Aqgeneral solutioin of equation (2) is given by.
w = Asin(ax) + Bcos(aX) ..(4)
Where A and B are constant.
Boundary conditions :
1) q/(x)zo at Xx=0

0= Asin(a 0) + Bcos(a 0)
The above expression will be true only when B = 0, thus the wavefunction as given by equation (4) be-
comes.

w = Asin(a x) ..(5)
(2) w(x)=0at x=¢,then

0= Asin(al)
The above expression will be true only where o | is an integral multiple of  that is,
al=nx (6)

When n can have only integral values of 1, 2, 3, ..... and is known as quantum number. Avalue ofn =0 is
eliminated since it leadsto o =01i.e. y(x) =0 every where within the box. Substituting o, from equation (6)

in equation (5) we get.
. nmzXx
z//:Asm(Tﬂj (1)
Now from equation (3) we have.
2 h2 212
gz’mE _poon _nh
=== " 8a'm 8ml? ~(8)

Energy of a particle in 1-D box is quantized.
So energy difference between the two sucessive energy levels will be
AE = En+1 - En
(n+1)°h* n’*h*  [(n+1)°-n’lh* (2n+1)h°

AE = =
= smiz  8ml? 8ml?2 8ml?2

Zero point energy (Ground state energy):
h2
" gmy?
Energy Level Diagram in 1-D box:

2
n n=4
gme? A

T
— sm¢?
n=3
_ 5h?
8me?

AE

9h? \ 4
8me? A

4h?

P Yy n=2 (First excited state)
_ 3n?

1’ | AE= 8m¢?

8my?2 n=1 (Ground state)
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Particle in aBox

Graph of Wave Functions and Probability :
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level
Particle in a symmetric 1-D box from -l to +l :
Consider a free particle is confined to move in 1D box of length—| to I.

V=0 inside the box
V=wn else where

Schrodinger wave equation for 1-D box is

d? dy 87°m
—+—(E-V 0
dx? h? ( )W
d’ 8z°m
Or1 (// + 7:]2 El// = 0 (.C.V = 0)
¥ k=0
or, dx? #=
v = Asinkx + B coskx .. Q)

Boundary conditions:
(i) Forfirst y =0, x=—/

sin(—0)=-sin@
0=—Asink/ +Bcosk/ - (2) l:and cos(—9)=+cose}
(i) y=0,x=+/
0= Asink/+ Bcosk? .. (3)
From (ii) and (i)
2)+@3) 2Bcosk/=0 = Bcosk¢/=0i.e. B=0or cosk/=0
(2)-() —2Asink/=0 = Asink¢=0 i.e. A=0or sink/=0
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Particle in aBox

Possible solutions:

(a) A=0,cosk/=0= kfzn%:

So,t//(x):Bcos(nzig(] (n=135......)

b) B=0,sinkf=0 =ki=n" =k="" (n=2,46, ...
(b) 2 20

nzX

So, y/(x):Asin(Z—(] (n=2,4,6......)

For normalised function, _[_/”/z//zdx =1

, NTX

——dx=1
2/

+/,2_
= I/Asm

N Azrf[l—cc)stzx}dX:l

A

Let i _ z
20

= Az[r%dx—lrlcoﬂzx}:l
-2 27
l +0
"y 2

1

1

= A -1 SAZX%X[%]Zl = A =2 = As

2

+ Nz x 1
Similarly for, L Bzcosz%dxﬂ: B:\/%

1

. X
Therefo re, V normalized — Wsm Ay —

1

nzX
COS——

T
W normalized — W 2/ (n =

And for these functionenergyis | E=—+

\/%
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Particle in a Box

SOLVED PROBLEMS

1. A particle ina 1-D box of length L has eigenstates v, (x) withenergies E, . Consider two initial states of

the particle at time t = 0: case (1) y(x,t =0) =y, (arbitraryn) , and case (2) y(Xx,t =0)=wy, + vy,

(arbitrary nand m; n = m). The probability to find the particle at a specific position within the box:
(a) Varies with time for case 1 but not for case 2

(b) Is time dependent for both cases

(c) Is time independent for both cases

(d) Varies with time for case 2 but not for case 1

Soln. Case (1): y(x,t=0)=y, =¢ e ="

Probability density = v v’

=, g

= ¢,0, (Independent of time)

Case (2): y(x,t=0)=vy, +wv,,

Probability density = (y, + v, (v, +v,)*
= (0,87 + e ) - (¢85 + 0=

=0+ ¢ e EE) Lo oo™ EE) L ¢ ¢ (Time dependent)

Correct option is (d)
2. Given three system, A, B and C what could be they if the spacing between the neighbouring energy levels
in A decreases with increasing energy, while that for B is constant, and that for C increases with increasing

energy?
(@) A= particle in a one-dimensional box, B = harmonic oscillator, C = electron in hydrogen atom

(b) A= electron in hydrogen atom, B = harmonic oscillator, C = particle in a one-dimensional box

(c) A= particle in a one-dimensional box, B = electron in hydrogen atom, C = harmonic oscillator
(d) A= electron in hydrogen atom, B = particle in a one-dimensional box, C = harmonic oscillator

16h®
8mL?

Vl 9h2
8mL?
Soln. E E E
4h?
8mL?

e hZ
2 8mL?

S

Electronic Energy Levels " Harmonic Oscillator Energy Levels Particle in 1-D box Energy Levels
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Particle in aBox

Soln.

Soln.

Soln.

Space between neighbouring
energy level decrease because
as vibrational quantum number

increase AE value decrease

Space between neighbouring Space between neighbouring
energy level remain constant energy level increase
because harmonic oscillator  as principal quantum

difference in energy between number value increase in 1-D

for upper level in electronic two levels is independent of  box
transition vibrational quantum number
(2n+1)h?
AE =hv [1-2x_ (1 AE =h polen+in
Ve[ Xe ( + V)] Ve 8mL2
Correct option is (b)
h2
Plot the graph of a wave function having energy r.naz .
n’h*  0.5h° ¥
8ma2:ma2 = n?=4, =>n=2
a 0 a
This corresonds to first excited state having 1 nodes at X = 5
If a electron escaped in a 1-D box of length 1A having energy 608.4 eV, plot it’s graph.
n’h?
i 608.4x1.6x10™"° Joule
, 608.4x1.6x107x8x9.1x10 ™ x(10) ¥ /\
n p—l
(6.62X10_34)2 :1617 \/
n=+16.17 ~ 4 x=0 Xx=a

Consider a ball of mass 1 g moving with aspeed 1 cm s in a one dimensional box of edge length equal to
10cm.
(1) Calculate its kinetic energy and the number n corresponding to this kinetic energy.

(2) Ifthe ball is to be promoted to the next higher qunatum level, then how much of energy is required ?
Formthe obtained value justify that the kinetic.energy of a larger mass varies in a continuous manner and
can be calculated from the classical mechanical laws of Newton.

1 1 ~ o
1) Kinetic energy of the ball = | = [mVv’=| = |(107°kg)(10°ms™)*= 0.5 x 107 kg m?s2= 0.5 x 10~ J.
2

2
E =n? h*
" 81°m

oo B _ E,(81°’m) _ (0.5x1077J)(8)(10"'m)?(10°kg)
(h? /81?m) h? (6.626x107* Js)?

Since,

Therefore, =9.11x10%

| n=3.02x10% |

h2
812 m]

(6.626 %107 Js)?
8x (10m)2(10°kg)

(2) Now, AE=E, ,-E, =(2n +1)[

:(2><3.02><1029+1){ }:3.32 x 107% .
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Particle in aBox

Soln.

An electron is confined in a 1-D box of length of 1A. Ifelectron falls from first excited state to ground state,
what energy it will emitt?

Lengthofbox, ¢ =1A =10""m

2 2 h2
Energy of 1* excited state, E, = ——=——+
qy XCi oy
Energy of 2" excited state, E, = ﬁ = 4_hz
gy H 2 8m£2 8m£2

2

AE=E,-E, :(4—1)8:; =(3x37.6)eV =112.8eV

2

A ball of mass 1 gm confined to move in 1-D box of length 0.1 mwith a velocity of 0.01 m/s. Calculate the n
(principle quantum number). Is quantization is possible?
We know the energy of 1-D box = It’s kinetic energy.

202 2,202 Ax 10_32>< 0.012>< 0.12
UL PV e AV (107) (001 2( ) =9.13x10”
sme? 2 h (6.627x10‘34)
n~9x10%

Quantum number n is very very large. It is not possible to calculate the difference between successive energy
level. So, it is not possible to observe quantization in the energy level .

‘ )
&
N
CAREER ENDEAVOUR



