Chapter 11

JACOBIAN

Definition: If u,,u,,u,,......,u, bethe functions of nvariables X, X,, X;,......... , X, thenthe Jacobian of

ou  ou oy, ou,

o X oy oo

ou, ou, ou, ou,

8(U1,U2,U3, ......... ,un) ox, ox, ox, "o
a(x 1 Xgy Xgyerennns , X ) _J(ul’uz’u3’ """ un) =|0u; ou, odu, au,
11 21 13 n 8X1 6)(2 6X3 6Xn
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0 oX, 6)(3 O,

o(ny) . o(r.0)

Example 1. If x=rcos@, y =rsin0, thenfind

a(r,0) o a(x,y)

OX OX
o( X, ar 20| |cos@ —=rsin@ !
Soln: ( Y):ar 08 _|*; :r(c0329+sm29)=r
o(r,0) dy dy| [sin@ rcosd
or 00
Againwe have, I =/Xx*+y* and 6 = tan‘1¥
or 1., 2\ 5 6[’_1 2 2\ % i
— =X+ .2X =C0S0 - —=—(X"+ .2y =sing@ -
OX 2( y) : oy 2( y) y ;
00 1 ( y]_ sin@ 960 _ cosb
~ = k] eyl Rl T
OX 1+y72 X r oy
X
or or )
6(r9) & 5 cosfd sin@
o(xy) |06 o0|”|-SN2 LSO _yr(cos? g+sin0)=1r
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X, X X3 X X
Example 2. Ifu, = 2=, u, === and u, = -2, thenprove that, J (u,,u,,u,) =4
X, X, X,
ou, ou, ou, XXy Xy X,
aX1 aXz 8X3 X12 X, X
ou, ou, ou
Soln: Wehave J(u,u,,u,)=|—2 —2 —2_| Xs _X3>2<1 X,
oX, OX, OX, X, X2 X,
ou, ou, Ou, X, XXX,
2
aX1 aXz 8X3 X X3 X3
=X, X3 XX, XX, -1 1 1
_ _(06%) (%) (x1%,) _
= Taozgz| XeXs XXy XX = 7 7.2 1 -1 1|=4
X XXy X X5 Xg
XX XX, XX, 1 1 -1

Example 3. If v, =(1-%), ¥, =% (1-X%,), Y5 = XX, (1= X;), ...

Yo = XX,..X,, (1= X, ), then prove that CER 7)) =(=1)" X% %X

Soln: 6()(1’ Xy y oo , Xn) - 8)(1 '5)(2 """ g = (_1)'(_X1)'(_X1X2) """ (—X1X2 """ Xn—l)
() X,

Jacobian of Implicit functions:

(- )nﬁ(fl, frn 1)
then O (Uy Uy, eenly) 0%, Xgyeeens Xy ) O(Xp) XXy )

d of 10x
Note : The above result is a generalised result of the elementary theorem LA
dx of Ioy
Example 4. If X+y+z=uU, y+z=uv,zZ=uV W, find the value of the Jacobian of x, y, z with respect
tou, v, w.
Soln: Let, fi=X+y+z-u=0
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Soln:

f,=y+z-uv=0
f,=z2-uvw=0

o(xy.z) , a0(f, 1, 1) o(f,f,f;)
Then, (v w) =(-1)

o(uv,w)  a(x,y,2)

of, of of]| |of, of of

u v oowl |ox oy a

__|of, of, of,| |of, of, of,| |-1 0 0|1 11
ou ov ow| |[ox oy oz|=—|-Vv -U 0(+0 1 1
of, of, of| |of, of, of,] |-vw -uw -uv| [0 O 1

u v oow [ax oy a
=—(=1)(-u)(-uv)=(1)(1)(1) = u?v
Jacobian of function of function:

Theorem : Ifu;,u,,ug,......... u, are functionsof y,, y,, ¥5,.... ¥, and Y., Y,, ¥s,..., ¥, are functions of

Xp Xgs Xgyeens X then,

11

Example 5. If u® + V2 +W* = x+ y+z, u> + vV + W = x*+ y° + 2°, u+ v+ w = x2 + y? + 22, then show
that

o(u,v,w)  (y-z)(z—x)(x-y)

(% y,z) (u=v)(v-w)(w-u)

Let, f=u+V+wW —x—y-z=0,f=u0*+vV+w -x’-y*-72°=0
and fi=u+v+w-x"-y?*-7°=0

o(uv,w) s 0(f, T, 1) o(f,f, ;)
We have, a(x,y,Z)_(_ ) a(x,y,2) ” o(u,v,w)

of, of, of| |af, of,

Al 9 of,  of,
oX oy 0zZ| |ou ov ow

_|of, of, of,| |of, of, of, -1 -1 1] [3u* 3v* 3w’
" |lox ey az| |ou ov aw|=—|-3x* -3y* -37°|+|2u 2b 2w
of, of, of,| |of; of; o, 2x -2y -2z| |1 1 1

o o al [ o ow

1 1 1 u? v? w?
—6lx2 yz 22l.6lu v wl= (y—z)(z—x)(x—y)
Xy 2 L1 1 (u=v)(u-w)(w-u)
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Soln:

Soln:

Theorem: Let u,u,,.....,u, be functions of n independent variables x,,X,,.....x, . The necessary and
sufficient condition that the function be connected by a relation f (u,,u,,....... ,U, ) =0 is that the Jacobian

O(Uy, Uy,yeney

O (X1, Xy, s X, vanishes identically.

Example 6. Show that the functions: u=3x+2y—-z,v=x-2y+z and w =x(x+2y-z) arenotin-
dependent, and find the relation between them.

o(u,v,w
If the given functions u, v,w are not independent, then we must have —a(x y.2) equalto zero, or
3 2 1
J= 1 -2 -1 =0

(2x+2y-z) 2x -x
Adding R, toR,, we get

Since, J =0, hence the functions are not independent. Now we have to find the relation between u, v, w .
Clearly, u+v=4x andu-v=2(x+2y-z)

(U+V).(u-Vv)=8x(x+2y—2)=8W = y? _y2 =8w

X+ 47 X+Y+2 _ _

Example 7. 1f u = . y V= / X YW= % , show that u, v, w are not independent and find the
relation between them.
We have

1 1 _(x+ y)

z z z?

. _(y+ z) 1 1
x? X X
Y-y o x+2y+z —xy-y?
X’z Xz xz*

11 1
taking, 7252 and 257 common from R,,R, and R, respectively, we get

z z —(x+y)
1
J:x“z“ —(y+2) X X
_y2
—(y22+y22) X+2y+z  —Xy 2y
Xz Xz
11 .
taking 7252 and NP common from R,, R, and R, respectively, we get
z z —(x+y)
J= 414 —(y+2) X X z
x*z

_(y22+ yzz) X2Z + 2Xyz + xz* —(x2y+xy2)
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Soln:

Applying C,-C, and C, -C,,

z 0 —(x+y+z)
=——| -(y+2) (x+y+z) (x+y+2)
-yz(y+2) z(x2+y2+2xy)+22(x+y) Xy (x+y)+yz(y+2)

Z 0 —(X+y+12)
=——| —(y+2) (x+y+2) (x+y+2)
-yz(y+z) z(x+y)(z+y+z) (x+y+z)(yz—xy)

2 z 0 -1
:M _(y+z) 1 1

X4y4
—yz(y+z) z(x+y) (yz—xy)
Applying C, +zC,, we get
_(X+Y+Z)2 -y 1 X+y+z)
T g (-1) —yz(y+x) z(x+y) :—( 7 ) |:—y2(x+y)+yz(x+y)]:0
Since J =0, hence the given functions are not independent.
Xy + Yy +yz+zx | y(X+y+2)
ZX - XZ
uv = w +1 isthe required relation between them.

Again. uv = +1=w+1

Example 8. Consider the integral f(x,y,2)dVv,= ||| f(r,0,¢9)dV , if dV,=dxdydz and
1
\ \

dV, =Jdrdédg, thenthe value of Jis
() rsin@ (b) r?sino (©) rsing (d) r?sing

Here, J is the Jacobian from Cartesian (X, y, z) to spherical polar (r, 0, ¢)
We have, X =rsind cos¢

y=rsin@sing

Z=rcosé

ox/or  ox/00 0Ox/op| |cosOsing —rsin@sing rcosé cos¢
J :%: oyjor oy/00 oy/og|=|sin@sing rcosOsing rsind cosg
Y ozfor or/o6 or/o cos ¢ 0 ~rsing

On solving, this gives = r?sin @ . Therefore, J = r?siné.
Correct option is (b)

Example 9. If z, = D2 D5 Z, = DB ;= @D then the Jacobian (J) from (2, 2, 23) to (0, @, ;)
0]

is equal to
@ 3 (b) 2 () 4 (d) 5
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5 07, /0w, 01,/0w, 07,/0m,
Soln: J:M:&Z/aw1 0z, /0w, 01,/0w,

0
@@ @) s 0w, o200, G100,
) 603/(012 oy @, /@
= o/, —0)10)3/0)22 o [,
@, [y o [, B! a)z/a)§

— W, W3 Wy w0,

1
=T S| WhWy —ww; OO,
W 0y 3 _
W, W3 Wy Wy W 0,
-1 1
_ (0, 3) (2‘01 203)2(501 ®,) 1 -1 _4
a)l 602 a)3 1 1 —

Therefore, J = 4.
Correct option is (c)

o(u, v)
o(r, 6)

is

Example 10. If u = x? —y%, v=2xy, x=rcosd, y=rsind ,thenthe value of Jacobian J =

@ S0y @2y @A) @ ()

o(u,v) o(u,v) y a(x, y)

Soln: We have J = =
o(r,0) o(x,y) ofr,0)

ou/ox o 2X e =2
Here, QUV) _ PU/0K 000y 5 |28 p2y = 4(x3%y7)
o(x,y) |ov/ox ovjoy| Ry .2X
and o(x,y) _|ox/or 0x/06| |cos® —rsin6|
o(r,0) |oy/or oy/o6| |[sin@  rcosd|

Therefore, J = 4(x2 + y2) r= 4(x2 + yz)s/z.

Correct option is (c)

Example 11. If u = xyz, v=x*+y? + 2%, W= x+ y+2, then the value of Jacobian, J _ oY, 2) g

o(u, v, w)
1
@ -2(x-y)(y-2)(z-x) (b) T2y (Y —2) (2%)
) - (x=y) (y=2) (2=%) (d) None of these

2
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ou/ox oufoy ouféz| |yz xz Xy
i o(u, v, w)
Soln: J=—"""2=|ov/ox ov/dy ov/oz|=|2x 2y 2z
o(x, Y, 2)

ow/ox owfoy ow/ozl |1 1 1

z(y-x)  x(z-y) Xy
=|-2(y-x) -2(z-y) 2z| [C,—>C,-C,andC, —>C, -C,]

0 0 1

Z X Xy
=(y-x)(z-y)|-2 -2 2z
0 0 1

=(x=y)(y-2){-2z+2x}
=-2(x-y)(y-2)(z-X)

oxyz) _ 1

ou,v, W) 2(x=y) (y=2) (z=%)’
Correct option is (b)

Therefore,

Example 12. Let x and y are Cartesian variable which transformed to another variable u and v such that

x=2u+3v and y = 2u —3v, then the value of |J| is . (|9 denotes the modulus of J).
ox/ou oxfov| |2 3
soln: 3= J%y) _|oy/ou oxfov)_ = Lp=6=12
o(u,v) |oy/ou oyjev| |2 -3
Hence, |J|=12.

Correct answer is (12)




