Chapter 4

Electrostatic Energy

Electrostatic Energy:
The work necessary to assemble a system of charges against coulomb forces is stored in the field as potential
energy. This is known as electrostatic energy.

Electrostatic energy system of point charges:
Letat any time are place a point charge g, at I;. To place the charge g, at the position ; , we require no work
because there is no interacting coulomb field.

U, =0

But to bring the charge g, to the position T, we require work done against coulomb repulsion due to g,.

U,=- 1 Jrlquqzdr— 1 q9, 1 qQ
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Therefore for two point charges,

U= 0.9,
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To bring another charge, we need work done.

U, = y 1 {%#3 n ‘]2‘]3}
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Therefore, net work done

U=U+U,+U; =0+ L {q1q2+qlq3+q2q3}
4 o hs I3

For N point charged,
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We know electrostatic potential
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1 N
U =Ezqi¢.
i=1

Potential energy of interaction of a charge “‘q’ with other charges
u=qV ,whereV is potential at location of q due to other charges.

For continuous charge distribution :
For continous charge distribution u is given by

U==]p(F)p(r)dr [ o(F) isvolume charge distribution]

Electrostatic Energy in terms of field :

Suppose we have a finite region of space V in a dielectric medium of permitivity ¢ and the volume charge
density p .

Therefore, the electrostatic energy of the systemis given by

U :%gojp(r)¢(r)dv =%j(?-ﬁ)¢dv [Gauss’slaw &,V -E = p]

— 20 [ (#E)ds+—(E-E)av

At large distance from the charge distribution the first term will be vanish.

_1 2
U—EgojE dv

1

Therefore, the energy density; { U = EgoEZ

Forces and Torques from electrostatic energy:
We know work done = force . displacement

= dwW =F-dr
Also for isolated system, the work done

dW =—dU =-VU -dr
F=-VU |, u:—jlf-df

If the part of the system under consideration is constrained to rotate about an axis and it undergoes a small
rotation do under the action ofatorque 7 then,

dW =7-df =—-dU =-V,U -d@

f=-V,U| andu=[F.dr
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The electrostatic energy associated with a uniform spherical charge distribution of total charge g
and radius R.

The electric field of this distribution is

qr
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Since, the field is radially symmetric, the volume element may be expressed as dv = 4zr*dr ,sothat  the
energy is
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The electrostatic energy of a uniformly charged spherical shell of total charge g and radius a.
The electric field of the shell is

E=0, forr<R

E=

drer? forr>R
0

The energy is therefore,
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Example: Consider a spherical charge distribution with a volume density

a
po-— forO<r<a
p(r)=1"r
0 forr >a

Show that the total electrostatic energy of the system is where Q is the total charge in the

6breya’

system.
Soln. Total charge in the system is

a a
Q :jp(r)-4nr2dr = 4np0aj rdr = 27zpya’
0
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The electric field at any outside point can be obtained from Gauss’s law as

Q i 3
E— enclosezd or Qenclosed = def = 471-p0aJ. rdr = 27Tp0a
47[80I’ 0

For an internal point,

r 2
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E — Qenclosed or E; :LZ
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For external point, Fout Ame,r? Ame,r?

Now, the total energy in the system is

a 0
U :jieoE? -47rr2dr+j160|5§ut Axr?dr
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ADDITIONAL SOLVED PROBLEMS
1. A particle of mass 40 mg and carrying a charge 5 x 10= C is moving directly towards a fixed positive

point charge of magnitude 10 C. When it is at a distance of 10 cm from the fixed positive point charge
it has a velocity of 50 cm sec™. At what distance from the fixed point charge will the particle come
momentarily to rest? Is the acceleration constant during motion ?

Soln.  Let x be the distance of q from Q when it comes to rest as shown in figure:

Q=10%C v=0 q=5x107°C
fe—x —>] m =40 x 10 kg
u=0.5m/sec
I &M -

Use conservation ofenergy (K.E. +PE.), .. = (KE.+PE.),

initial

108 x5x9x10° o4 10 x5x107° x9x10°

1 B X
10
Solving we get, r =4.737 x107> m.
The force obeys inverse square law i.e., it increases as distance decreases. Hence, acceleration also increases.

%x40x10_6 x(0.5)" +

2. Four charges +q, +d,—q and —q are placed respectively at the corners A, BC and D of a square of side a,
arranged in the given order. If E and F are mid points of side BC and CD respectively, what will be workdone
in carrying a charge ‘e’fromOto E and fromOto F.

Soln.  The charge configuration is shown in figure :
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Workdone in carrying a charge = change in potential energy = q(V,, ., — V)

2 2
AE?2 :a2+(%] :5% or AE:*E'a

2
; : 1 q q q q
Potentialat E i.e., V. = - + - =0
E 47’580{%-% \E% al2 al? *+q a +qB
Potential at F i.e., Vg isgiven by a2
- E
1 q q q q
Vi = + - a2
P ane, \E% \E% al2 al?
- D C
_ —q F -q
1 49 4
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4n €p a \/g 4n €p a \/g
3. Two fixed, equal positive charges, each of magnitude 5 x 10 coul, are located at points A and B separated at
a distance of 6 m. An equal and opposite charge moves towards them along the line COD, the perpendicular
bisector of the line AB. The moving charge, when reaches the point C at a distance of 4 m from O, has a kinetic

energy of 4 joules. Calculate the distance of the farthest point D at which the negative charge will reach before
returning towards C.

Soln.  Applying conservation of energy, (KE.+PE.) .=(KE+PE.)

atD

2 2
L8 (1+1]:0—q (1+1]
2 4Are, | AC ' BC 4re,\ AD  BD
put 4=3x10"c

1mu2 =44)
2

AC =BC =+/3 +4* =5 and solve to get
AD =BD = 9(m)

OD=./(9) -3 =6v2m
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4. Three charges, q, 29 and 8q are to be placed on 9 cm long straight line. Find the positions where the charges
should be placed such that the potential energy of this system is minimum.

Soln.  For minimum interaction energy, the charges of greater magnitudes should be placed at the extreme ends. The
situation is shown in figure. Let the distance of charge 2q from charge g be xcm.

femmmmmmmnnnas 9 CMe====mmmmnes >

The potential energy of the systemis given by
U= 1 {quq_k qx8q +2qx8q}

dmeg| X (9-x) 9
For minimum potential energy, oU /ox =0

2 2 2
U1 ja{ 24 8q 16q }:0

= — + +
ox  4mey  OX| xx107  (9-x)107% 9x1072

Solving we get x =3 cm.
Thus the charge g should be placed at a distance of 3 cm from the charge 2q.

5. Acircular ring of radius R with uniform positive charge density A per unit length is located inthe YZ-plane with
its centre at the origin O. A particle of mass m and positive charge q is projected from the point P ( R+/3,0, 0)

on the positive X-axis directly towards O, with initial velocity v. Find the smallest (non-zero) value of the speed
v such that the particle does not return to P.

Soln.  Thesituation isshown in figure :
Y

\ a P

(o 00)

0

V4
Particle will not return to P if it manages to at least reach center of ring. Potential at axial point of ring (charge

=Q,radius=R)is V,, = Q

ring -
e R? + x?

Potential energy of charge and ring = qV,;,,,
Appling conservation of energy

(K.E.+ P.E.)X:ﬁR =(K.E.+ p.E.)X:0
Loves qQ —0+ qQ —oyo |99 _
2 dre \/R2 +(J§ R)2 Arg,\R? + 0 \ 47,Rm | since Q = 127R
0
V= lq

2g,M
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6. Aconducting sphere S;, of radius r is attached to an insulating handle. Another conducting sphere S, of radius

R ismounted as an insulating stand. S, is initially uncharged. S; isgivena charge Q, brought into contact with
S, and removed. S; isrecharged such that the charge on it is again Q and is again brought into contact with
S, and removed. This procedure is repeated n times.

(@) Find the electrostatic energy of S, after n such contacts with S; .
(b) What is the limiting value of thisenergyas n — oo.

Soln. (a) Let Q2 be the charge on sphere S, after S, isremoved first Q, be chargeonS,.

Q1+Q2 =Q

Since the potential at the surface of each sphere is the same, we have

Q _ % % _0-9
r

. 1 .
1e.Q, =— times, the total charge Q, = Q

47[80R_47t80r R 1.7 1+(%)
R
Now S, is recharged such that the charge on it is again Q. Chargeon S, is ﬁ . Theyare brought in
+ -
R
contact.
Totalchargeon S; and S, =| Q + _Q_
(t+%)

Therefore, now total charge on Q, will be

1
=~ timetotal charge

1+ —
R

B S PO 0 el
1+ — I+— | 1+—- 140
R R R R
Similarly, after n repeatation, total charge on S, becomes,
e .. ., Q

e e )

Electrostatic energy of S,

I R 1-1/(1+ &)
Breo R 8n80R(1+%)2 1-1(1+§)
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(b) Limiting energyat n — oo

c_ Q? { 1-0 T
8o R(1+ L)’ 1-Y(1+ 1)

. Q? ( R )2 QR
87T,SOR r 871;80 rzl
7. A non-conducting disc of radius a and uniformsurface charge density o is placed on the ground, with its axis
vertical. A particle of mass m and positive charge q is dropped, along the axis of the disc, from a height H with
zero initial velocity. The particle has g/m = 4ngj g/o.
(@) Find the value of H ifthe particle just reaches the disc.

(b) Sketch the potential energy of the particle as a function of its height and find its equilibrium position.
Soln.  See below figure.

aq

v=o0 P T P
P'e
H . \\/,:‘_’
\‘ x
\“fj
dr .
04 A

We know that, U = qV,

_0Q 7,2, 22
_280[(a +x2) x} (1)

(@) Applying the principle of conservation of energy at points P and O, we have
(KE.+PE),,=(KE.+PE)_,

O+mgH +%[W—H}:O+%[W—O}

0 0
Giventhat q = (4¢, g m/c)

mgH +G(4809m/6) [m_H}:GMnsogm/cﬂa

280 280

or mgH +2mg[\/(a2+H2)—HJ:2mga

H+2J@%+H?) -2H =2a
2(@® +H?) =(2a+H)

or 4(@®+H?)=(2a+H)’
Solvingweget H = (4a/3)
(b) Total potential energy at a height x above centre

P.E.:G—q[\/(a2 + xz) —x} +mgXx

280
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P.E.=2mg [«/(az +x?) —x}+mg X
U= mg[Z\/(a2 +x?) —XJ

For equilibrium position, (jj_u =0
X

U ool 22
= 0= e ’
dx 2 [(a2+X2) T E__rﬂg}‘/

PES i

or Lzl or 4x?=(a%+x?%) ig |

J(@% +x?) IIS I

)= N
_\/g O] X—>

The variation of potential energy with x is shown in figure.




