Chapter

Limits and Continuity

Limits:- Recall that in the case of limit of functions of one variable, we say lim f (x) exist if both

lim f(x) and lim f(x) exist and equal. Here x — x; and x — x, reflecting the fact that there are

- -
X—Xg X—Xg

only two directions from which x can approach to X,, the right of x or left of x.

- +
X = X, X = X,
approaching from left_approching from right

X —> X, ¢ X
So limit is said to be exist if value of limit (if exist) along both possible path should be same.

y=f()

Left—>-<— Right
But for a function of two variables, there are infinitely many directions in the 2-dimensional space along
which (x, y) can approach to (X,, ¥, ), because there are infinite number of possible curves along which

one point can approach another.

X51 Yo)

Sowesaythat [|im  exist, if limit exists along all the possible paths and has same value.

(x.¥)~>(%Yo)

Limits Along Curves:
If C is a smooth parameteric curve in 2-dimensional space that is represented by the equations

x=x(t), y=y(t), then
F(xy)=lim f (X(t)’ y(t)) where t_ is parametricvalue for (x,, y,)

lim
(x.y)=(%0.¥0) =t
along C
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Example]
Xy
f(x,y)=-
(. y) ==~z ¥
Find the limit of f(x,y) at origin through the following curves?
(a) x-axis (b) y-axis (c) the line y = mx (d) the parabolay = x?
Soln. (a) The x-axis has parametric equations x=t, y =0, so( I)irr}0 . f(x,y)= tI|rr(} f(t,0)= !mg(—t%] =0.
X, y)—>U, - N
(along y=0)
(b) Similarly, do it as exercise.
(c) The line y = x has parametric equations X =t, y=mt, with (0, 0) corresponding to t = 0, so
lim  f(x y)=lim f (t, mt) = lim i LU
iy O e PO @em) ) 0Lemt dem
i.e. the limit along y = mx depends upon m. Consequently, it will be different along different lines through

origin.
(d) The parabola y = x* has parametric equations x =t, y =t* with (0, 0) corresponding to t = 0, so

) ) . t3 . t
_ 2y _ _ _ _ _
(x,yI)ILn(O,O) f(X, y) _!ILT(]J f(tat )_!m( t2 +t4] !m( 1+t2] 0

(along y = x?)

Two-Paths Test of Limits:

Note that ( !|r(n ) f (x,y) exist only when it is same along all the possible path along which (x,y)
X,y )=>(XoYo

approaches to (X,, Y, )
Therefore, if we can find out two different smooth curve (path) along which (x, y) approaches (X, Y,)
but have different value of limit along them, we say function f (x,y) do not have limit when (X, y)

approaches (X, Yo )-

] ] X
Find lim - 5 y 5
(x,y)—>(0,0) X +Yy

Soln.  Along curve x =0

Y

, 0,0 2 2 -
G o) X" +Y

Along curve y = x,

2

. Xy . X 1

lim ————=lim-——-"F==
) ->0.0 X4y x>0 X% 4+ X 2
(along y = x)

Since, along two different curves, this limit has differential values, the limit does not exist.

Let

2

Xy
f(x,y)={x*+y
0; if x=y=0

show that  lim  f(x,y) does not exist.
(X, ¥)—(0,0)

~; if x*+y?#0
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Soln. If we approach origin along any axis, f(x,y)— 0. If we approach (0, 0) along line y = mx, then
3

f(x,y)=f(x,mx)=— mx — = me > — 0as x — 0. But if we approach (0, 0) along curve y = mx?,
X*+mx*  x*+m
) mx* m o .
then f(x,y)= f(x,mx’)=— — ~ Which is different for different values of m. Hence,

x*+m?*x*  1+m

lim f(x ]
(x,y) = (0, 0) ( y) does not exist.

Show that  lim 2
(x,y)—>(0,0) X +y

2
does not exist.

4

4
Soln.  Along x:myz,lirrz) 4§m2y 1): 22m1
y=>0y'(m=+1) m°+

which is different for different values of m. Hence,

2

. 2xy .
lim ——— does not exist.
xy)=>(0.0) x° 4y

General Definition of Limit:

Given a function f :R?> > R.Wesaythat lim f(x,y)=L, whenever

(x.y)=(%0.Yo)
(i) Every neighbourhood of the point (X,, y,) contains a point of the domain of  different from (x,, y,)
and
(i) For every >0, there exists >0 such that if (x,y) is in the domain and satisfies

0<\/(x—x0)2 +(y—y,) <& (circular disk) then |f (x,y)-L|<e

Remark: (1) By a neighbourhood of a point (X,, y,) we mean

(A) An open disc of centred at a point (X, y,) of radius r, that is

D, (X, yO):{(x, y)eR?: \/(x— x0)2 +(y- y0)2 < r}
OR
(B) A rectangular disc as D, (Xp, o) ={(X, ¥) € R? :|x = X;| +]y = Y| < T}

(in definition we may have either circular disc or rectangular disc)
(2) The condition (i) is included because we donot want to consider limits for isolated points of the domain
as in that case there is no “limiting process”. and the condition (ii) implies that as the distance between

(x,y) and (X,,Y,) tends to zero, the distance between f(x,y) and L tends to zero.
Example: Show that

Let x =rcos6, y =rsin®, then we have
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L/ Xy %Ir Cosf)smei—hcosesinesr
X2+ y?

X <S vt <S ORI [ 5 Iy] < et e
IT X <?1y <? OR if \/an \/E let e=3, then

Xy 0

m_ <€ whenever 0< . x?+y? <38

= lim f(x,y)=0
X,y )=

2 2

xy2 =Y __o
Example: (2) OO) yx2+y2

Soln. Let x=rcos6, y=rsin6, then

2 2 2
| (xy)-0|= xy ==Y _ 0 =|rsin0coso- - cozsze‘
X +y r
r2 r2
:‘rzsin ecosecosze‘ =|—sin460|< —
4 4
r2 2 2 )
SZ:X Y et X2+ y2 < 4e = 5(let)

So for every e > 0,35 = 2/c > 0 such that |f (x,y)—0|<e whenever 0</x* +y? <&

hence Ilim f(x,y)=0
(x,y)—(0,0) ( y)

Repeated Limits:

|
N—
CAREER ENDEAVOUR,

We discussed about limits where (X, y) = (X4 Y, along some pathx andy tends to x, and y, respectively.

Now we discuss the concept of repeated limits.
The repeated limit can be written as

limlim f (x,y

x—a y—b

(x.y)

X—>a

(a,b)

If 1im  (x, y) exist, then it is a function of x, say ¢(x). if then the limit, lim¢(x) exists and is equal to

ya

A,. Then ) is a repeated limit of f when first y — b and then x —» a.

Similarly limlim f (x,y) =2

y—b x—a
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Soln.

Soln.

Soln.
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(X, y) o——>— ¢ (@y)
y—>b
(a,b)

If lim f (x,y) exist, then it is a function of y, say ¢(y) . If the limit Iirrg ¢(y) exists and is equal to 1., .
Xx—a y—

Then A, is repeated limit of f when first x — a and then y - b.

Note that repeated limits may or may not be equal.
Example: (1) Find repeated limits of the function

2Xy )
F(xy)=i X +y" (x,y)#(0,0)

0 & (xy)=(00)

Ixiirg(lyiirg f(x y)) - Iim(lim 2% ] ~1im(0)=0

x—=0{ y=0 ¥ +y x—0

lim(

y—0

lim £ (x,)) = Iim(lim 2%y ] ~1im(0)=0

x—0 y—>0{ x=0 ¥ _|_y y—0
Here both repeated limit exists and are equal.

Example: (2) Find repeated limits of the function

Xy ifx+y=0

f(x,y)=4x+y
0 ;o ifx+y=#0

Iim(lim f(x, y)) - Iim(limﬂ] - |im(ij =lim1=1
x—0 \ y—0 x—0| y—0 X+y x—0\ ¥ x—0

lim £ (x,)) = Iim(limu] = Iim(_—y] —lim(-1)=-1

x—0 y—=>0| x=>0 X 4 y y—0 y y—0
Here both repeated limit exists and are not equal.

lim(

y—0

Remark:
(1) If the repeated limits are not equal, the simultaneous limit cannot exist.
(2) Ifthe simultaneous limit exists then the repeated limits if they exist are necessarily equal but the convense

need not be true.

Example: (3) Find lim 22xy 5
(x.y)=(00) X* +y

Let y =mx, then we have
. : 2Xy _2X-mx . 2mx? 2m
lim f(x,y)= Ilim =lim—————=Iim =
(x,y)>(0.0) (xy) (xx)-(00) X2 4+ y?  x=0 X2 4 m?x2 x>0 (1+ mz)xz 1+m?

depends on the choice of slope m.
Hence limit do not exist.

Note that for f (X, y) both reapeted limit exists at (0, 0) and are equal.
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Example: (4) Show that limit of the function

. (1] . (1]
Xsinf —|+ysinf —1|; xy=0
f(xy)= y X

0 ; xy=0

at (0, 0) is 0.
Consider
‘f(x, y)—L‘: (xsin(3]+ysin(in—0 = xsin(ij+ysin(ij

y X y X

. (1 . (1
< xsm(—] + ysm(—] <|x[+|y]
y X

Let €>0 be given and consider e=35, we have |f (X, y)—L|<e whenever 0<|x—0|+|y—0|<3&

l ,y)=0
= Mo f(0Y)

Note: Here both repeated limits do not exist.

sty )=t i (v )] -y )

as Iirrg sin(lj do not exist, hence repeated limits do not exist.
y—> y

Techniques of Finding Limits:

(1) Substitution Method: Sometimes there exist some suitable substitution, which convert limit of function
of two variable into limit of function of one variable.

Here note that if we substitute z=¢(X,y), then ¢(x, y) must be a continuous function:

Example: (1) (X'ygmv . (\/XX yY) i is
1 1 1
()0 (b) ©3 Ok

Let z=x-y,thenas (X,y)—(2,-2) wehave z > 2—(-2)=4

Jx-y-2 . Jz-2
(x=y)-

=lim
4 4 7-4

,—2

—
x
N
y
~
)

_lim (V2-2) Clim—t -1 1

2%4(\/24.2)(\/_—2) 742 Ja+2 4

sin(x*+y?)
Example: (2) Find = lim ——bsp—F—=~
(xy)=>(00)  X“+y
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Soln. Ifwelet z=x*+Yy?,then

as (x,y)—(0,0) wehave z—(0)" +(0)° =0
sin(x2 + y2) _ Iirnsin(z)

. (X,J)A(O,O)W 200 7 =1

(2) Using Polar Co-ordinate:
Let x=rcos6, y =rsin 0 thenwe have

r=x’+y*>and@=tan™ (l]
X

Geometrically, r represents the distance between the point (x, y) and origin (0, 0), and 6 denote the direction

(angle) of point (x, y) with respect to positive X-axis.

(x,y)
p
y
0
(0,0 X
3
; (Xy)=(0,0
Example:(l)f(x,y): X2 +y? ( y) ( )
0 (% y)=(0,0)
Soln. .. Ietx:rcose,y:rsine,then(x,y)_>(0,o) impliesthat r — 0

we have

3 3 3
fim f(xy)= Jim o5t :Iim(r I8 e]zlimrcos3e

(x,y)—(0,0) x,¥)—(0,0) X2 + y2 r—0 r2 r—0
Note that 0 < ‘ f(r, e)\ = ‘r cos® 6‘ <r—0asr— 0 hence by squeeze theorem
lim f (r,06)=limrcos’6=0
r—0

r—0

. limit exists and equal to zero.

2 (xy)#(0,0)
Example: (2) f (x,y)=1x*+y>" ’

0 5 (xy)=(00)
Soln. Let x=rcos0H, y=rsin0, we get

f(r,0)= 2r?cos?0-rsin®  2r’cos’ 0sin®
’ r‘cos*0+r?sin’0 r*cos*0+r?sin®0
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_ 2rcos’ 0sin®
r’cos*0+sin’0
Forany r > 0, the denominator is > 0.

Since|cos® 0sin 6] <1, so we tend to think for a while that this limit goes to zero as r — 0.

But if we take the path rsin 0 = r” cos* 6 we have

2sin%0
f(r.0)= 2sin20

1ve

hence limit of f (x,y) doesnotexistas (x,y)—(0,0).

Remark: Geometrically r denote the distance of point (, y) to originand  denote the direction.
In above example, if we consider 6 as constant, then

. 2rcos?0sin®
lim—— ——=0
r-0 r°cos” 0+sin“0

But 6 is not constant as 6 € [0, Zn] be arbitrary.
As if for some 6 denominator approches to zero or in other words if the function of 6 is not bounded for

6 (0, 2r), thenwe say that limit do not exist.

We can say that for existence of limit function of 6 should be bounded for all values of 6 in [0, Zn] .

Algebra of Limit: Iff and g are two functions defined on some neighbourhood of a point (x,, Y, ) such that

lim f(xy)=¢and o y)lir(rl ; g(x,y)=m then

(x.¥)=(%Y) 0:Y0)
1 lim f+g)= lim f+£ lim =/+tm
( ) (x.¥)=(%.Yo) g) (x.¥)=(%0.Y) (x,¥)=>(%0:Y0) g

(@ lim (f-g):(xvlim f- lim g=/-m

(x.y)~>(%.¥o) ¥)=>(%.Yo) (x,y)=>(%0.¥0)

(3) If g(x,y)=0 forall (x,y) and m#0, then

lim f
lim - (xy)= ot ©
(x¥)=>0%.%) g lim g m

(x¥)=(%.%0)

Soln.

xsin (x*+y?) _

Show that  lim P 0
(x,y)—>(0,0) X +y
H 2 2 H 2 2
X sin (x* + . . sin (x° +
im %: | im SNCTHY) 10
x)->00  x24y (x,¥)=>(0,0) " (x,y)—(0,0) (x2+y2)

Continuity:
Let f be areal valued function defined in a ball around (X,, y, ) . Then

f is said to be continuous at a point (X,, Y, ) if
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lim  f(xy)=f (%, Y)

(x¥)=>(%0.¥0)
Definition: Afunction f (x,y) issaid to be continuous at a point (X,, Y, ) ofits domain of definition if for any

€>0,338>0 such that |[f(xy)-f(x.Y,)<e whenever 0<|x—x|+|y—y,|<8 or

0<\/(x—x0)2+(y—y0)2 <$.

Show that the function

Xy .
e (X, y) 7z (010)
f(X,y)=4x*+y°
0; (xy)=(0,0
IS continuous at the origin.
Soln. Let x=rcos6,y=rsind

2xy 2 :r|cos€sin0|sr:\/m<g
X°+y

if x2<£ y2<£ orif |x|<i |y|<i

2 2 NS 5

Xy
2 2 _0
X4y

. Xy
| _ N o=
= (x,y)ILn(O,O)\/m 0 (0,0)

Hence, f(x,y) is continuous at origin.

Evaluate  lim (x> + y?)#n(x*+y?%)
(x,) > (0,0)

Thus

< &, whenever |X| 4 Y| <
N-RAMANG

Soln. Changing to polar coordinates, x=rcos @, y=rsiné, r>=x>+y?

2nr . 2/r .
= | = lim(-r>)=0
r—o* ]_/r2 rLrg* —2/[‘3 reO*( )

lim  (xX*+y?) /(X +y*)=limr®/nr®= lim
(x,) > (0,0) r 0

Thus the function (x*+ y?) ¢n (x* +y®) has a removable discontinuity at (0, 0).
ie.,

(x> +y%) in (0 +y?); (x,y)#(0,0)

f(x.y)= 0: (x,¥)=(0,0)

is continuous at (0, 0).

Show that
. 1
_ (x2+y2)s|n(xz+y2] 7 (X, y)#(0,0)

0 (X, y)=(0,0)
is continuousat (0, 0).

f(x.y)
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Soln.  To determine the limit, ( I)irr}O ) f(x,y),let x> +y?>=r*and let r> — 0. Because,
X, y)—> 0,

1
R ; 2 2)sin— - 0.
(x2+y2) <1, (X'yl)linw‘o)(x +y)sin (x2+y2) 0

independent of the manner in which (x, y) approaches (0, 0). The condition of continuity is satisfied, so

sin

f (X, y) iscontinuous at (0, 0).

Note: (1) Ifafunction is not continuous at (xo, yo) , Wwe say that f is discontinuous at (xo, yo) .
Also we classified discontinuity at a point as removable or non-removable discontinuity. Depending on the fact

that whether ( )Iir(n ) f (x,y) existornot.
X,¥)—=>(%0:Yo

If( )Iir(n )f(x, y) exists but is not equalto f (x,, Y,) then we say discontinuity at (x,, Y, ) is removable.
X, ¥)=>(% Yo

Which can be removed by defining new function as

FY) (%Y)# (X Yo)

g(X,Y):{L : (X,y):(xo’YO)

where L is limit of function at (X, ¥, ) -

If ( )Iir(n ) f (x,y) doesnotexists, we say that function has a non-removable discontinuity at (X, ¥o)-
X,¥)—=>(%0:Yo

Note: (2) Inthe calculus of one variable, we studied the properties of continuous functions. Two of most
important properties are

(1) Image of acompact set under a continuous map is compact.

(2) Image of a connected st under a continuous map is connected.

In the case of function of two variables also continuous function preserves both the properties.

PRACTICE SET]

] X +1-1
1. Evaliate [jm MXY *t—1
()= 00)  x*4y°

2. Evaluate  lim [L}

(x,y)—>(0,0) ’XZ + y2
3. Find the limits of the following if exists
3
@ tm Y ® im S @ im Y@ tan-l(l]
(x,y)—(0,0) x +y )= 0.0 X* +Yy (x,y)—(0,0) X +y (x,y)—>(0,1) X
4. Check whether the following functions are continuous or not at the point (0, 0).
2x* +3y*
S (x))#(0.0)

@ f(x,y)=q x*+y’
0 ; (x,y)=(0,0)




CAREER ENDEAVOUR,

Chapter-2 Limits and Continuity 21
2x(x* - y?)
b fx,y)={ x+y? ' (x,y) = (0,0)
0 . (x,y)=(0,0)
sin(x+2y) |
© fooy)=ltni@xidy = N*0O
1/2 ; (X, y) — (0’ 0)

Check whether the following functions are continuous or not.
X—y

— = (x,y)=(0,0 .

@ f(x,y)=<x+y (. y) = )atthepomt(0,0).
0 5 (xy)=(00)

XY 00)

b) f(xy)=1 X*+y at the point (0, 0).
0 ; (x,y)=(0,0)

X2+ XY+ X+Y

_— , 2,2 .
© f(x,y)= X+Yy (.y)=(2.2) at the point (2, 2).

4 , (xy)=(22)

Xy-3x°y*+y°

Let fooy) =1 oryE ¢ OO hinga 550 such that [f(x,y) - £(0.0) <001
0 ; (x,¥)=(0,0)

whenever \/x? +y? <§.
SOLUTIONS

2,2 = x2y?
|x +1—1| |(1+x2y2)”2—1| o XY
2,02 | 2, 2 ST <¢
‘ X2 +y ‘ ‘ X +y | X +y
1 1 1 1 1 1 1
= <e & 2ot > & St—5>—
(1 1] X2yt e X2 y? 2
2| S+
=y

if —2>—;i2>i orif x*<4s;y*<4e orif |x|<2\/§:5;|y|<2«/_:5
X° 4e y° e

xX*y?+1-1

X2 +y°

Thus for any & >0,36 >0 such that —0| <& whenever |x|<3,|y|<§.

= | lim Yo - =
(x,y)—>(0,0) X +y
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Here f(x,y)= Xy is not defined at (0, 0). We have
( X2 +y° )
2 2
L—0:| ) |££(X ty) 1 x> +y% <&, (xYy)=(0,0)
J+y ‘ x2+y2‘ 2 x*+y* 2

Since |xy| < (x* + y?)/2. Ifwe choose & < 2¢, thenwe get

<&, whenever 0 < x> +y* < 8.

Xy
2 2 _0
X4y

Hence, lim _ 0.

(x,y)—>(0,0) [X2+y2

Alternative Writing x =rcos@, y =rsiné , we obtain

N
X2 +y°
The limit does not exist if it is not finite, or if it depends ona particular path.
(@ Consider the path y =mx.As (x,y) — (0,0), weget x —>0.

r?sin@cosé
r

=lim =0 which is independent of 6.

r—-o0

(x,¥) > (0,0)

2

. X : mx

Therefore, lim — Y > =lim S =
(x)->00 X“+y° %0 (1+m7)Xx" 1+m

2

we obtain different limits. Hence, the limit does not exist.
Alternative Setting x = rcos®, y =rsin @, we obtain

Xy r’sin@cosé

lim
(x,y)—(0,0) X2 + y2 r—0 r2

on different radial paths € = constant. Hence, the limit does not exist.

(b) Choose the path y =mx*.As (x,y) — (0,0), weget x >0 .

) X+ )

Therefore, lim 5 ‘/y = |Imﬂ:oo
x0)=>00 X°+y x>0 (1+m)x

Since the limit is not finite, the limit does not exist.

(c) Choose the path y =mx®.As (x,y) — (0,0),weget x> 0.
y

3 6
. X . mx m
Therefore, lim XY lim

()=>00 x° +y? x50 (14+m?)x® 1+m?’

|
N—
CAREER ENDEAVOUR,

which depends on m. For different values of m,

=lim——————=sin@cos® which dependson 6. Hence, the limit is dependent

which depends on m. For different values of m, we obtain different limits. Hence, the limit does not exist.

(d) Consider lim tan™ I T lim tantY L
yaé_ X 2 yaa X 2

Since onthese two paths limits are different,
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. lim_ tan™ Y goes not exist
(x,y)=>(0.1) X

4. (@) Let x=rcos@, y=rsin@.Then, r =,/x?+y? =0. We have

B |2x*+3y*| |r*(2cos* 0 +3sin’ 9
[Fex) f(0’0)|_‘ x* + \ ‘ r’(cos® 0 +sin’ 0) \

= X*+y? <Jel5.
Ifwe choose & <+/e/5 , we find that | f (x, y) — f(0,0)| < &, whenever 0 < {x* + y* <&
Therefore, ( I)irr(10 . f(x,y)= f(0,0)=0.Hence, f(x,y) iscontinuousat (0, 0).
X, y)—>(0,

r? [2‘0084 9‘ +3‘sin4 HH <5r’<e

(b) Let x=rcosO, y=rsin@.Then, r =/x*+y® = 0. We have

_|2x(x y3)| _|2r(cos? @ —sin® @) cos 6|
T ey || r(cos?@+sin?0) |

or r=yx’+y*<egl2.

Ifwe choose & < &/2, we find that | f (x, y) — f(0,0)| < &, whenever 0 < \/x* +y* <&.

| f(x,y)-f(0,0)| |2rcos 20 cosf|< 2r <&

Therefore, lim f(x,y)= f(0,0)=0.Hence, f(x,y) iscontinuousat (0, 0).

(x,¥)—(0,0)

(c) Let x+2y=t. Therefore, t — 0as (x,y) — (0,0).

e A~ =il
We cannowwrite  lim f(x,y)=Ilim > n_lt =lim (in it [l}zi,
(x,y)=>(0,0) t>otan™ 2t  t=0] (tan—(2t))/(2t) || 2t | 2

Since( I|m f(x y)=f(0,0)== theglven function is continuous at (x, y) = (0,0).

5. (@ Choose the path y =mx.As (x,y)— (0,0),weget x—0.
Therefore, lim X=Y _ fjm &=mX _1=m
xN=>00 X+y x>0 (1+m)x  1+m
the function is not continuous at (0, 0).
(b) Choose the path y = m*x*. As (x,y) — (0,0), weget x — 0.

which depends on m. Since, the limit does not exist,

Therefore, lim _ ‘/— (1 m)x* 1—m2 which depends on m. Since the limit does not
(=00 X* 4y Xa0(1+m x> 1+m

exist, the function is not continuous at (0, 0).

(C) (X y) w

(x+1) =3.
(x y)a(z 2) (x, y)a(z 2 (x+Y) (xy)a(z 2)

Since lim f(x,y)= f(2,2),thefunctionisnot continuousat (2, 2).

(x)>(2.2)
Note that the point (2, 2) is a point of removable discontinuity.
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We have

r°(cos* @sin@ —3cos?Osin O +sin® 6
|f(X,Y)—f(0,0)|=| ( IV — |
‘ r*(cos® 6+sin“0) \

= ‘r(cos4 0sin® —3cos’ @sin® @ +sin’ 9‘ <r(l+3+1) =5r =5x* +y* <0.01.
Therefore, \/x* + y? <0.01/5 = 0.002 . Hence, § <0.002.
C’Solved Example@

X3 —y
X°+y
(@) fis continuous on R? [D.U. 2014]

(b) fis continuous at all points of R? except at (0, 0)
(c) £,(0,0) = fy(O, 0)
(d) fis bounded

3

Let the function f :R* — R be defined by f(0,0)=0 and f(x,y)=

for (x,y) #(0,0). Then

2

x3—y3
fxy)={@ryz V700

0, (xy)=(00)

For continuity at (0, 0)

- yB
lim  f(xy)= lim S—%
(x,y)-(00) (xy)=>(0.0) X2 + y

Let x=rcos6, y=rsino

then (x,y) — (0,0) implies r -0, 0<0<2x

r3cos® 0-r3sin®0
7

=lim
r—0 r

= lim r(cos® 0 —sin®0)
r—0

Since f(0)=cos®0—sin®0 is bounded for 0 <0 <2r
Then by Squeeze theorem

=lim r(cos®0—sin®0) =0
r—0

~lim f(xy)="f(0,0
oMo TV =1(0.0)

Partial derivatives

_ 3
£ (0,0)= lim 1 0+NO=10.0 ;1 h
X h

—=1
—0 h h—0h h2
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f,(0,0) = lim f(0,0+k) f(O,O):"mLL:_1
k—0 k k>0k K2

Therefore, f,(0,0)= f,(0,0)

Also f is not bounded over R? as for large r, f(X,y)— +o.

Hence f(x,y) is not bounded by any real number.

Correct option is (a)
Determine whether the function [HT JAM(MS)-2010]

x'+y!
. (X, 0,0),
) e ()=(00)

0, (x,y)=(0,0),
is continuousat (0, 0).

X4+y4

fxy)={@ryz V700

0, (x¥)=(00)

For continuity
Let x=rcos6,y=rsinO then (x,y)— (0,0) implies r -0

r4(cos* 0+sin* 0)
7

lim f(x,y)=Ilim
(le)_)(olo) ( y) r—0 r

= lim r?-(cos* 6+sin*0) =0=f(0,0) (By Squeeze theorem)

r—0
hence f(x,y) is continuous at (0, 0)
Let f:R* > R bedefined by

sin(2(x" + 7)) v}

e ,if (x,y)=(0,0),

— 2 2
Fxy)=y x4y [T JAM(MS)-2013]
a, if (x,y)=(0,0),
where a is areal constant. Iff is continuous at (0, 0), then a. is equal to
(@)1 (b) 2 (c)3 (d)4

. (4
in(2(x2 2 3xsin| —
wazsméi;y»f g (x,Y)#(0,0)

o (x,y)=(0,0)

If f(x,y) is continuous at (0, 0), then
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lim f(x,y)=1(0,0)=a
Moo (x,y)=1(0,0)
(4
: 2 2 3xsm(J
Now  lim sin(2(x“+y ))-e y

(xy)-00  x?+y?

(4

: 2 2 3xsm(J

= lim w lim e y
(x,y)=>(0,0)  x“+y (x,¥)—(0,0)

Note that, let z =x?+y?, then (x,¥) > (0,0) implies z—0

: 2,2 : :
~ lim sin 2§x +2y ) _ lim sin 2z _ lim 2.sm 22 _,
(xy)=>00)  x“+y -0 2 z2—0 27
3xsin(4j lim 3xsin(4j
and lim e y) — o(xy)>(0,0) y
(x,y)—(0,0)

. (4
Since —3x33xsm(;]=3x for all (x, y)

and lim 3x=0, then by Squeeze theorem.
(x,y)—(0,0)

lim  3xsin (ij =0
(x,y)—(0,0) y

3xsin(j
= lim e y)—e0 =1
(x,y)—(0,0)

lim f(x,y)=2-1=2

hence (x.9)->(0.0)

hence o =2,
Correct option is (b)

|
N—
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EXERCISE-1

1. Show that

. _ 1 1 , _ xy?
i Iim | —+—|= ii =
0 (x,y>a(o,0>[|x|+|y|] > 0 (x,yl)lin(o,m X2 +y° 0
W ; _ ; : i : 2 2\ _
(iii) o Jim - (x+y)=0 (V) (x,yI)ILn(O,O)(Xy]SIn(X y+xy*)=0
2. Show that the limit, when (x,y) — (0,0) does not exist in each case.
N 2XY oo XY
) lim i lim
0] Ty (ii) i Zry
L x2y? e Xty
m lim V) lim
( .) X2y2+(X2 _y2)2 ( ) X_y
3. Show that the limit, when (x, y) — (0,0) exist in each case.
3,,3
M lim—Y (i) lim—2—
X2+ y? X"+y
3_ 3 4 4
(i) lim>—L () lim 2L
X“+y X“+y
4. Check whether the following functions are continuous or discontinuous at the origin:
) #00) XV (1) % (0.0)
) foy)= ey ST @ fexy) = xey T
0; (x,y)=(0,0) 0;  (x,y)=(0,0)
X2y2 X2y2
. — (x,y)=(0,0 . ——— (X, ¥)=(0,0
(i) f(x,y)=1x*+y* *x.y)=(0.0) (V) T(xy) =1 (x*+y*) ()2 0.0
0;  (xy)=(0,0) 0; (xy)=(0,0)
X3y3
, (x,¥)#(0,0)
V) fxy)=10"+y?)
0;  (xy)=(00)
5. Can the given functions be appropriately defined at (0, 0) in order to be continuous there ?
M) oY) =[x (i) f(x,y)=sin=
y
. X +y° .
@) f(x,y)= ; (V) f(x,y)=x*log (x* +y*)

x> +y
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