Chapter

Orthogonal Trajectories

ORTHOGONALTRAJECTORY OFAGIVEN CURVE (CARTESIAN FORM)

A curve of familyor curves ¢ (X, y, c) = 0 which cuts every member of a given family of curves f (x,y,c)=0
according to a fixed rule is called a trajectory of the family of curves.

Orthogonal
trajectory

Figure-1
Ifwe consider only the trajectories cutting each member of family of curves f (x, y,c) =0 ataconstantangle,

then the curve which cuts every member of a given family of curves at right angle, is called an orthogonal
trajectory of the family.

In order to find out the orthogonal trajectories the following steps are taken.

Step-1: Let f(x,y,c)=0 bethe equation where c isanarbitrary parameter.

Step-2: Differentiate the given equation w.r.t. x and eliminate c.

Step-3: Substitute _dix for% in the equation obtained in step 2.
y
Step-4: Solve the differential equation obtained from step 3.

Orthogonal
trajectory

Example-1

Soln.

Figure-2
Find the orthogonal trajectory of family of straight lines passing through the origin.
Family of straight lines passing through the origin isy = mx. (i)
where ‘m’ is an arbitrary constant.
Differentiating w.r.t. X, we get g—y =m ..(ii)
X
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142 Orthogonal Trajectaries

Eliminating ‘m’ from (i) and (ii), we get y = g—y X
X

Replacingd—yby —%, we get y =—%x xdx + ydy =0
dx dy dy

2 2

Integrating both sides, we get X? + y7 =C

= x*+y°=2c
Which is the required orthogonal trajectory.

Example-2
Find the orthogonal trajectories of the curve y = ax2.

Soln. Lety=ax? (i)
Differentiating equation (i), we get g—y = 2ax ..(ii)

X
Lo S . dy 2y
Eliminating a from equations (i) and (ii), we get FY X ...(ii)
X X
. dx . B dy dx 2y
Putting ——— in equation (iii) in the place of ——, we get - — = —
9~y Med (i) P ax % T
x> 2y?
—xdx=2yd - -2 _
= —xdx=2ydy > b
= 2y°+x*=0
This is the family of required orthogonal trajectories.

Example-3
Find the orthogonal trajectories of the hyperbola xy = c.

Soln.  The equation of the given family of curves isxy =c (i)
Differentiating (i) w.r.t. x; we get x:—i +y=0 (i)
substituting — %% for 3. in (i), we get —x 2 + y =0 (i)

dy  dx dy

This is the differential equation of the orthogonal trajectories of given family of hyperbolas. (iii) can be rewritten
as xdx = ydy, which on integration given x* —y* =c.
This is the required family of orthogonal trajectories.

Example-4
X2 y2
Find the orthogonal trajectories of the curves — +— =1, 2 being the parameter of the family.
a“+4 b°+A4
X2 y? .
Soln. Let—+—->"—=1 . (
a’+1 b +A 0
Differentiating (i) w.r.t. x, we have X [ ¥ dy =0 ..(ii)

a2+ b2+ dx
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From (i) and (i) we have to eliminate A.
b%x + azyd—y
Now (ii) gives, 1 = —| —dX

d
x+yd—¥(

dy
a’—b’)y->
:>a2+/1=—(a2_b2)x;b2+;t=—( )ydx

dy dy
X+Yy— X+Yy—
ydx ydx

Substituting these values in (i), we get (x - yg—x] [x + yg—yj =a’-b’ ...(iii)
y X

is the differential equation of the given family of curves.
Replacing gy to _Xn (iii), we obtain [x + yd—yj X— yd—x =a’-b’ QY
dx dy dx dy

which is the same as (iii). Thus we see that the family (i) is self orthogonal. i.e., every member of the family
(i) cuts every other member of the same family orthogonally.

Example-5
Find the orthogonal trajectories of the circles x* + y> —ay = 0 where ‘@’ is a parameter.

Soln. Here, x* + y? —ay = 0. Differentiating w.r.t. X, we get 2x + ZyZ:—y - ag—y -0
X X
2 2 2 2
:>2X_|_2yd_y_ud_y=o X2+y2—ay=0:>a:X +y
dx y dx y

y2 _ X2 dy
—— — =0. This is the differential equation of the given circles.

y dx

= 2X+

. o y’—x* [ dx
. The equation of orthogonal trajectories is 2x + v 0
y y
putting _dx in place of ik
dy dx

= 2xydy + (x* — y*)dx =0
It is a homogeneous equation.

Put y =uX, then d_y:U+Xd_u = 2X.UX.(U+Xd—Uj+X2—UZX2=O
dx dx dx
dx 2
or 20(0+Xd—vj+1—02=0:>1+02+20xd—0=0:>—+ Uzdvzo;
dx dx Xx 1l+v

Integrating, we get /n x + ¢n (L+v?)=/¢nc

y2

= x(1+v’)=c= x(1+—2J:c, i.e, X’ +y?=cx
X

Which is the required family of orthogonal trajectories.
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144 Orthogonal Trajectaries

Previous Year Solved Problems

Example-6

The trajectories of the system of differential equations dx/dt=y and dy/dt=-x are [D.U.2014]

(@) ellipses (b) hyperbolas (c) circles (d) spirals
dx dy
_— = — =X
Soln. at y and at

dy ?t/ —X dy —x y> x* ¢

_——_——=— - = = —_—t =
:>dx dx y:dx y:>ydy+xdx 0:>2 2"

dt

= x?+y? = c? whichis equation of circle
Option (c) is Correct

Example-7

Let y be the curve which passes through (0, 1) and intersects each curve of the family y = ¢ x> othogonally.
Then y also passes through the point

@ (v2.0) () (0.42) © (1,1) @) (-1,1) [GATE-2016]
Soln. y=cx’ :>c=l2 W _cox
X dx

We need to remove arbitary constnat ¢
dy —lZX—ﬂ = d_y=ﬂ

dx  x2 X dx x

For othogonal trajectories, we replace
dy b —-dx X 2y

ax yd_y: & - x = 2ydy + xdx =0

2y* x* ¢ sy _
7+7=? = 2y’ + x* =¢* which is required equation of y.
Since, y passes through (0, 1)

2x12+0?=c?=>c?2=2

So, [2y? +x* =2

Now, x = /2, y = 0 satisfies above equation of y.
Option (a) is Correct

x =0,y =+/2 doesnot satisfy the equation of y.
x =1, y =1 doesnot satisfy the equation of y.

x = —1, y = 1 doesnot satisfy the equation of y.
Option (b), (c), (d) are not Correct.
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Example-8

Soln.

The orthogonal trajectories of the one parameter family of curves y? = 4k (k + x) where K is an arbitrary
constant is [ISM-2015]

@ x*=2c(c+y) (b) y=dc(c+x) (© x*=4c(c+y) (d) y*=4c(c+x)
y? =4k (k +X) ..(i)

dy ydy _

o=

To remove arbitary Constant k
Put k in equation (i)

dy\(y dy 2 dy(y dy
2:41 | L= —oy | L
= Y Z(dxj(deﬂ(j = V= ydx 2 dx i

dy (y dy j dy )’ dy
R I ) AR _y| &Y
dx[Z dx+ = Y=Y dx +2xC dx (i)

To get orthogonal trajectary, replace
dy W py =% —dx
dx ° dy

—dx ), [ X _ygz_z)(go
= Y=Y &)=V &

dx dx dy dx (dyj2 dy
+2X— = —— 4+ 2X = m — | +2X L .
= Y dy y(dy] e ydx y(dy] = |Y y ..(iv)

equation (iv) is same as equation (iii)
Given equation is self orthogonal samily of carves.
The orthogonal tracjector will be

= 2y—~=

=

y? =4c(c+x)| which c is orthogonal constant
Option (d) is Correct

Example-9

6.

Soln.

The orthogonal trajectory of the hyperbola x* — y? =¢ is [SAU-2015]

(@ xy=c (b) xy*=c () X’y =c (d) None of the above
X2 — yz _ Cz
dy
2X -2 =0
Yax

d d
To get orthogonal trajectory, we replace d_y by — di

E——
&
N—
CAREER ENDEAVOLR,

South Delhi : 28-A/11, Jia Sarai, Near-11T Hauz Khas, New Delhi-16, Ph : 011-26851008, 26861009
North Delhi : 33-35, Mall Road, G.T.B. Nagar (Opp. Metro Gate No. 3), Delhi-09, Ph: 011-27653355, 27654455




146 Orthogonal Trajectaries

dx dx dx
= 2X-2 0 = 2x+2 ——O = 2y—=-2X
y( dy] ydy yoly

dx

d
———— = I y =0 = log|x|+log|y|=log(c) = log|xy|=log|c| =

Option (a) is Correct

Example-10
Let c be an arbitrary non-zero constant. Then the orthogonal family of curves to the family y(1-cx) =1+ cx
is [H.C.U.-2015]
(@ 3y-y®+3x*=constant (b) 3y + y* —3x* = constant
(€) 3y-—y®—3x?=constant (d) 3y + y® +3x* = constant

Soln.  y(1-cx)=1+cx = y—-ycx=1+cx = y—1= ycx+cX

y—1 y-1
xy+x — (y+1)x

= y-l=c(xy+x) =

Differentiating both side w.r.t x

=V = =0

o) (y+) P ~(y-1) x -+ (y+1)
X2 (y +1)°

X (y+1)x -

d d d d
x(y+1)d—i—(y—l)[xd—i+y+l}=0 — X(y+1)d_i_x(y_l)d_¥(_(y2 _1):0

d d
= xd—i(y+1—y+1)—(y2—1)=0 = 2Xd—i—y2+1=o

Toget orthogonal trajectories, we replace

dx ~ dy

dx —2Xdx
2X Yy +1=0 — =v2_1
(dy] dy y

= —2xdx=(y’-1)dy = 2J‘xdx=J‘(y2—1) dy

2 3 3

= T3

= 3x’=y’-3y+3c, = |3y-Yy°-3x’=constant

Option (c) is Correct
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Example-11

The orthogonal trajectory to the family of circle x* + y* = 2cx (c is orbitary) is desoribed by the differential

equation. [CUCET-2017]
@ (X*+y°)y =2xy (0) (x*-y?)y'=2xy
© (Y -x*)y' =xy @ (v2-x)y =2xy

Soln.  x* +y? =2cx

2

dividing both side by x = X+y7 =2c
Differentiating both side w.r.t x

dy . d
2xy —=—-y X2 4 2xy Y _y?
_Cdx g o ydx Y _0=> x2+2xyd—y—y2=0
NG 2 dx
X

= 1+

To get, orthogonal trajectaries, we replace ?_dxyby%

dx dx dx
X% + 2X 0 X222y X0 oy =2y (P )y =2
- y(dyjy = X -y Vg, =0= y’ Yy (X -y*)y'=2xy

Option (b) is Correct

Example-12
The orthogonal trajectories of the family of rectangular hyperbolas y =c, / x is [HCU-2018]
@ y*-x*=c b) y*+x*=c
2
© x*y*=c (d) 7=C

Soln. y=c /x =xy=c,

& o Y
dx dx

differentingw.rtx = Yy +X

dy, —dx
To get orthogonal trajectories replace ™ by d_y

—dx -y
d_yZT = xdx=ydy => xX*+c=y> => y*—x*=c¢
Option (a) is Correct
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Example-13
The orthogonal trajectories of the curves Xy = ¢ is (a being a constant) [BHU-2018]
@ x*+y*=a’ (b) x*-y*=a’
) x*+2y*=a’ d) 2x*+y?=a?

Soln. y=c/x=xy=¢

d d
differentingw.rtx =y + x —o :>_y Y
dx dx  x

i . dy, —dx
To get orthogonal trajectories replace ——by —

dx ° dy
—dx -y
= d_yZT = xdx=ydy => xX*+c=y* => y*—x*=c¢
Option (a) is Correct
Example-14
The orthogonal trajectories of the family of curves x* — y* =a?® is [CUCET-2018]
X
(@ x*+y*=c? (b) ¥ =C (Ce e (d) none of these

Soln. x%— y2 =a?

2x—2yﬂ=0
dx
For orthogonal trajectry
—dx dx dx —x
- — = 2X+2y—=0 o —=—
= 2X Zy(dy] 0= ydy :>dy y
dx dy
= 7+7=0:> log|x|+log|y| =logc = log|xy|=logc = xy=c

Option (c) is Correct

Example-15
If the orthogonal trajectories of the family of ellipses x* +2y* =c,, ¢, >0, aregivenby y =c¢,x“, ¢, e R,
then o, = [GATE-2017]
dy dy ~ x

2 2 _ bt A — =
Soln.  x*+2y _clz>2x+4de_O = 2y

For orthogonal trajectary we solve

—dx_ —X dx_ﬂ
dy 2y X oy

d d
= 2J.7X=J.7y = 2log|x|=log|y|-log|c,| = |y =c,x
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Concept Application Exercise

1.
2.

Find the orthogonal trajectories of the family of co-axial circles x* + y* + 2gx + ¢ = 0 where g isthe parameter.

Find the orthogonal trajectories of the family of semicubical parabolas ay® = x*; where a is the variable
parameter.

Find the orthogonal trajectories of the family of parabolas y = ax?.

2 2

Find the orthogonal trajectories of x_2 + 2y

a a“+ 4

=1;where Aisan arbitrary parameter.

Find the orthogonal trajectory of y* = 4ax (a being the parameter).

Find the orthogonal trajectories for the given family of curves when ‘a’ is the parameter.
() cosy=ae™
(i) x“+y*=a

Find the trajectories orthogonal to ellipse having a common major axis equal to 2a.

ORTHOGONALTRAJECTORIES IN POLAR FORM F(r, 6,¢)=0

@)
(i)

[~ for the given curve through P(r, 8) tan ¢ = rd@/dr and for the orthogonal trajectory through P

tan ¢' = tan (90°+¢)=—c0t¢=—%3—g

Thus for getting the differential equation of the orthogonal trajectory

rd—e is to be replaced by — li or i is to be replaced by — rzd—e].
dr rdo do dr

(i)  Solve the differential equation of the orthogonal trajectories
i.e. f(r,0,—r’do/dr)=0.
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Example-16
Find the orthogonal trajectory of the cardioids r =a (1 - cos 0).

Soln. Differentiating r = a (1 — cos ) ..(0)
with respect to 6, we get j—g =asing ..(ii)
Eliminating a from (i) and (ii), we obtain

dr 1 sin 6 0 ... . ) . . .
— .= =———— = cot— whichis the differential equation of the given family.
dé r 1-cosé 2

Replacing j—g by —r? :I—f we obtain

l(—rzd—gj = cotg or ar + tangde =0
r dr 2 r 2

as the differential equation of orthogonal trajectories. It can be rewritten as
dr _ (sin6/2)d6

r cos 6/2
Integrating, log r =2 logcos 6/2 + log ¢

r = ¢ cos’ 0/2=%c(1+cos@) or r=a’'(1+cos0)

which is the required orthogonal trajectory.

FINDING EQUATION OFACURVE WHOSE GEOMETRICAL PROPERTIESARE GIVEN
The following properties of a curve are sometimes very useful in determining the equation of a curve. Using
these properties, first the differential equation of the curve is formed and then this differential equation is solved
to get the equation of the curve.

Let the tangent and normal at a point P(x, y) on the curve y = f (x), meet the X-axis at T and N respectively.
If G is the foot the ordinate at P, then TG and GN are called the Cartesian subtangent and subnormal, while the
lengths PT and PN are called the lengths of the tangent and normal respectively.

If PT make an angle 6 with X-axis, then tan 6 = dy/dx. From the figure we can find that :

Subtangent=TG =y cot0 = d—);/
(o0
dy

Subnormal=GN =y tan 0 = yd_
X

dy2
1+ —
g (dxj

dy
dx

Length of the tangent = PT =y cosec 6 = y+/1+cot’ 0 =

2
Length of the normal =PN=ysecf= yy1+tan’0 =y, [1+ [g—y]
X
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Equation oftangentat P(x,y) =Y —y = g_y(x —X)
X

Equationofnormalat P(x,y) =Y -y = —%(X —X) P
y

—

T il
Length of radius vector OP = \/x* + y? 0 >X

T ) G N

The following examples will illustrate the concept of forming and solving the differential equations of the curves
whose geometrical properties are given.

Example-17
The slope of curve passing through (4, 3) atany point is the reciprocal of twice the ordinate at that point. Show
that the curve is a parabola.

Soln.  The slope of the curve is the reciprocal of twice the ordinate at each point of the curve. Using this property, we
can define the differential equation of the curve i.e.

slope _y_1

dx 2y
Integrate both sides to get :
IZydy:Idx = y’=x+C

As the required curve passes through (4, 3), it lies on it.
= 9=4+C = C=5
So the required curve is: y* = x + 5 which is parabola.

Example-18

Find the equation of the curve passing through (2, 1) which has constant subtangent.
Soln.  The length of subtangent is constant. Using this property, we can define the differential equation of the curve i.e.

subtangent = Y _k where k is a constant
y

!

= kd—yzy

dx
Integrate both sides to get :

J.deyzj.dx = klogy=x+C

where C is an arbitrary constant.
Asthe required curve through (2, 1), itis lieson it.

= 0=2+k = C=-2=theequationofthecurveis:klogy=x-2.
Note that above equation can also be put in the formy = Ae®.
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Example-19

Find the curve through (2, 0) so that the segment of tangent between point of tangency and y-axis has a
constant length equation to 2.

Soln.  The segment of the tangent between the point of tangency and y-axis has a constant length = PT = 2.
YA
-
7
5 >X
Using this property, we can define the differential equation of the curve i.e.
2-NA-X*| ——
PT =xsec0=xV1+tan?0 = x\1+y? y:iz(log x| 4_XJ+C1
As (2, 0) liesonthe curve, it should satisfy its equationi.e.C, =0
2 2
= X 1+(d—y] =2 = 1+(d—yj :iz
dx dx X
2
N d_y=i 4—x
dx X2
Integrate both sides to get :
L[ 4= de
= y= _J' 2z X+ C,
Put x=2sin® = dx=2cos0do
cos’ 0
= y=%2 do+C
y I sin® !

:iZI(cosece —-sin6)do + C,
=+ (2 log|cosec 6 - cot 6| + 2 cos6) + C,

= Theequation of the curveis:

/ 2
y:iZ(mgﬂ + 4—X2]
X

Example-20
Find the equation of the curve passing through the origin if the mid-point of the segment of the normal drawn at
any point of the curve and the X-axis lies on the parabola 2y? = x.

Soln. OB=OM + MB=x+ytan 6 =x+ yy'

= B=(x+yy’,0)

= N (mid point of PB) = (x +%, %)

N lies on 2y? = x
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2 ’
y yy 2
=2/ L] =x+2X = yy-y?=-2x
[2) e yy' -y

(Divide both sides byy and check that it is a Bernouli’s differential equation)
Y

5 X
Put y’=t = 2yy’=ﬂ
dx
:lﬁ—tz—Zx = ﬂ—2t=—4x
2 dx dx

which s a linear differential equation.

I.F. = Integrating factor = el g
Using the standard result, the solution of the differential equationiis :

te ™ = J'—4xe’2*dx

—2X -2X
= tez’*:—4(xe2 +_[e dxj

2

-2X —2X
— te ¥ =-4 X S +C
2 4

= t=2x+1+Ce*
As it passes throughorigin ; C=-1

= y? =2x+1-e"* isthe required curve.

Example-21
Find equation of curves which intersect the hyperbola xy = c atan angle /2.

Soln. Letm, = g_y for the required family of curves at (x, y).
X

Let m, = value of g_y for xy =c curve.
X

N
dx X
Asthe required family is perpendicular to the given curve, we can have :
m xm,=-1
= dy X (—Xj =—1= for required family of curves : gy X
dx X dx vy

= ydy=xdx = y’=x"+C,

is the required family which intersects xy = ¢ curve at anangle /2.
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Concept Application Exercise

1.

10.

Find the equation of the curve passing through the origin if the middle point of the segment of itsnormal from
any point of the curve to the x-axis lies on the parabola 2y? = x.

Find the equation of the curve which is such that the area of the rectangle constructed on the abscissa of any
point and the intercept of the tangent at this point on the y-axis is equal to 4.

Anormalis drawn at a point P(x, y) of a curve. It meets the x-axis and the y-axis in point A and B, respectively,

such that & + O_lB =1, where O is the origin. Find the equation of such a curve passing through (5, 4).

Find the curve such that the intercept on the x-axis cut-off between the origin, and the tangent at a point is twice
the abscissa and passes through the point (1, 2).

Find the equation of the curve such that the square of the intercept cut-off by any tangent from the y-axis is
equal to the product of the coordinates of the point of tangency.

Find the equation of a curve passing through the point (0, 2) given that the sum of the coordinates of any point
on the curve exceeds the magnitude of the slope of the tangent to the curve at that point by 5.

Find the equation of the curve in which the subnormal varies as the square of the ordinate.
Find the curve for which the length of normal is equal to the radius vector.
Find the curve for which the perpendicular from the foot of the ordinate to the tangent is of constant length.

A curvey = f(x) passes through the origin. Through any point (X, y) on the curve, lines are drawn parallel to the
co-ordinate axes. If the curve divides the area formed by these lines and co-ordinates axes in the ratiom: n,
find the curve.
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