Triple Integration & its Applications

Step 1.

Step 2.

Step 3.

TRIPLE INTEGRATION

In the preceeding sections we defined and discussed the properties of single and double integrals for functions
of single variable and two variables respectively. In this section, we will define triple integrals for functions of
three variables.

The triple integral of f (x,y,z) isdenoted by mf(x, y,z)dV and is defined as
D

9% (X, Y)
J' f(x,y, z)dz]dA where D isa simply xy-solid with upper surface z = g,(x, y)
(

R[La(xy)

(0w -

and lower surface z = g,(X, y) , and let R be the projection of D on the xy-plane.

If D is arectangular box defined by the inequalities a< x <b, c<y<d, k<z<I,then

bdl
m f(x,y,z)dV =j” f (x,y, z) dz dy dx
D ack
Volume element
« dV =dzdydx = dzdxdy = dxdydz = dxdzdy z
— — Az,
= dydxdz = dydzdx e I %y
- sub-region X
o AV = (Ax)(Ay)(Az) Ang Ak
—>

Ay,
Evaluating Triple Integrals :

Find an equation z = g, (X, y) for the upper surface and anequation z = g, (x, y) for the lower surface of G.

The functions g,(x, y) and g, (X, y) determine the lower and upper z-limits of integration.

Make a two-dimensional sketch of the projection R of the solid on the xy-plane. From this sketch determine
the limits of integration for the double integral over R.

After finding limits of integration, do the integration as in case of double integral i.e., partial integration.
Geometric Interpretation:

From the definition of the triple integral

m‘ dV = volume of the region D.
D




Ex.1:

Soln.

Ex.2:

Soln.

Ex.3:

Soln.

Ex.4:

Soln.

Ex.5:

Soln.
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1

2
Evaluate : ” xyzdzdxdy
00

O e

Here limitofz: 0<z<3
Here limitofx: 0<x <2
Herelimitofy: 0<y <1

M@Zdzjmxly“ J(I de]ydy %8 yay =2

0

1 2
Evalute _[ Ixzzzydzdxdy
-101

L —
O ey

12 1 7
2 2 — -
_([_[x 2’ ydzdxdy = J;ydij dsz dz = O><3><3 0
1/2
Evalute
13

zxsin xydzdydx

O ey 3
O Sy

1/2n1 1/2n

_[ ” zxsin xydzdydx = j j(_[ zdz)xsm(xy)dydx

1300 130

1U2n 1/2

= J' I xsin(xy)dydx =— _[ (jsm(xy)dyj xdx

13 0 1/3

COS X 1¢ 1 sinmx |77
=_I{ y} xdx =—J'(1 comx)dxss—i{x— n}
1/3

1/3 T

S| FO YT E g nil L] 11 1)
212 L miii3lim T2le 2n il T 2l6 2n] 4\3 n
41 x?

Evalute _[ j] xcos ydzdxdy
000

n/4 1 /41

xcos ydzdxdy = j j[z]gz xcos ydxdy = _[ _[ x® cos ydxdy
00 00

fil

O e %,

nl4

= _[ cos ydyJ' xdx = L L1

f 442
Evaluate m ydV,where G is the solid enclosed by the plane z =y, the xy-plane, and the parabolic cylindery
G

=1-x2.
Limitofz, 0<z<y

Limitofy, 0<y <1—x?
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Ex.6:

Soln.

11
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Limitofx, —1<x<1 y

[fvav - ] ey

11-x?

=] ydydx——j(l X2 )dx

-1 0

1
=3j(1—x6+3x4—3x2)dx=3(1—1 5—1]
3J, 300 75

32
70

93-x z
Changethe order of the integral | | [ (x,y,2)dydzdx
0 0 O

Limitofx, 0<y<z z

Limitofy, 0 <z <3-+/x 3

Limitofz, 0<x <9 \\

i.e., Region bounded byy =2, 7 =3—/x, X
9

xz-plane, yz-plane

93-+/xz 3(3-2)%z
jjjf(x,y,z)dydzdx_j j [ £ (x.y,2)dydzax y
0 0o 0 O
9 3—/x 3—/x 3 y:3_\/;
=[ [ | f(xy,2)dzdydx
0 0 y X
0 9

3 (¥-3)% 3—yx
=J' j _[ f (X, y,z)dzdydx
0 O y

To change the order of integral First we consider

(i) regionofintegral

(i) Go parallelto axis suppose we firstconsider limit of z then we go parallel to z-axis. Put lower limit entering
first surface inx, y relation and put upper limit ending with surface inx, y relation.

(iif) Then we find out the relation inx and y with the help of z

(iv) Now we work just as double integral

Cylindrical coordinates

Cylindrical coordinates of a point P is (r,0,z) as shown in the figure. If cartesian coordinates of P be
(x,y,z) then

P(r, 6, 2)
X=rcos0,y=rsin6,z=z
r’=x*+y®and tan®=y/x o :
For one-to-one correspondence from rectangular to X5 r A >
cylindrical coordinates we take r >0 and 0<0 < 2x. / y P'j'
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. Although, there can be six order of integration, similar to the rectangular coordinates. We take only
rdzdrd© as it gives easier integration.

Simple geometries in cylindrical coordinates: Z’\
1. r =r, (a positive constant) —
geometry: a right circular cylinder with z-axis its axis and radius as r,. >y
0 r=r,

2. 0=0,(0<6, <2m) (aconstant)
geometry : a plane containing z-axis

and making an angle 6, with positive x-axis.

3. z =z, (aconstant)

geometry: a plane perpendicular to the
z-axis and cutting z-axis at (0, 0, z,)

Volume element: Cartesian and cylindrical

Cartesian : Cylindrical
4 ’ rde

[
},y :
dz

dy
dV = dxdydz dV = (rd6)(dr)dz = rdzdrd6 = dzrdrd 6
(Cuboid) (Cylindrical wedge) z

Integration: For the region, G enclosed by z = g,(r,0)

and z = g,(r,0) and having projection R in the xy-plane

[[[ a(r.6,2)rdzdrdo =J._|.[nge)g(r,e,z)rdz]drde

R\ 9:(r.0)

G : transformed region in r © z coordinate system.
Transformation to cylindrical coordinates: Transformation from rectangular to cylindrical coordinates.

[[] 1 (x,y,2)dzdxdy =[[[ f (r cos 6, rsin, z)rdzdrde
D G

G : transformed region in r,6,z coordinates

/2 cos6 r?

Ex.7: Evalute _[ _[ jrsin 0dzdrd 6
0 0 0

/2 cos6 r? /2 cos0
Son. [ [ [rsinedzdrde= [ [ [2]; rsinedrde
0 0 0 0 0

&
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n/2 cosO n/2

= _[ _[ r smedrde_—_[cos esmede_—J't“dt =5

Ex.8: Find the volume of the solid region that is bounded above and below bythe/s;&ere X2 +y? + z? = 9and inside

the cylinder x* + y* =4.
Soln.  \Wolume= _m dv

27 2 \9-r?

:jf j rdzdrd
00

e S
2n 2
:J.J‘Z /9—r2drdo _ 275[ r2)3/2]§=2n[27—53/2]
00

Ex.9: Evaluatej' J' _[ x2dzdydx
-3_

9-x* O
3 Vo—x? 9-x2-y? 3 Jo-x? o5
soin. | [ [ xdadydx=[ [ x*(9-x*—y*)dydx = [ [x*cos*0(9—r*)drde
-3_\Jg_x2 O -3_Jo_x? 00

36}_ nx3  243n
6

2n 8
=J'coszd9_|'(9r3—r5)dr - =
) ) 4 4 4

Spherical coordinates: Spherical coordinates of a point P is (p, @, 0) as shown in the figure. p’ is the perpendicular
projection of P on the xy-plane.

Z
|OP |=p -
1. P(p.¢.0)
¢ =angle between OP and positive z-axis
| - Z=pCoSQ
0 = angle between OP’ and positive x-axis ol/

0<p<m 0<0<2n

If cartesian coordinates of P be (X, y, z) , cylindrical coordlnates of P be (r,0,2), and spherical coordinates
of P be (p,¢,0), then

Rectangular | Cylindrical

X=psSin@CcosO | r=psinge

y=psingsin® | z=pcoso

z
Z=pCoSQ 0=0
Simple geometries in spherical coordinates: ol
1. p = p, (a positive constant) s y

geometry: a sphere of radius p, and centre (0, 0, 0)

2. ¢ = ¢, (aconstant such that 0< ¢, <)
geometry: a right circular single cone with axis

&
N
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zZ
z-axis and vertex (0, 0, 0) and half angle o,

Special case:
¢ = 0= positive z —axis y
¢=n/2= xy-plane y
(p = T => negative z-axis
Z
3. 0 =0, (aconstant)
geometry: half plane containing z-axis 5 Y
and making an angle 6, with positive x-axis. «
Volume elements:
Rectangular Spherical
5 40 psinedo
dz y z P
Z
T /ng
o]
dV =dxdydz (Cuboid) dV =p?sinedscosdd = (psin od¢) (ped0)d p (Spherical wedge)
Integration:

Ex.

Soln.

| :m f(x,Yy, z)dxdydz:jﬂ f (psin @cos 0, psin @sin 6, pcos) p’sindpddde
D G

= [[[ 9(p. @.0)p* singdpdode
G

Integration in spherical coordinates is useful if G is as

G={(p.¢.0):9,(¢.0)<p<9,(¢,0),0, <0<, 0, <O=Q,}

P=8:(6, ¢)
0, ¢, 9,(0,0) (e, (P)
Then, | = J' _[ _[ a(p,9,0)p’ sinpdpdpd - Projection
0 ¢ 0:(0,0) in Xy plane
0\\02
2 Ja—x2 Ja-xP-y?
Evaluate _[ _[ _[ 2%\ x* +y* + 2°dzdydx
2_Jaxz 0

We have, 7= /4_xz_y2

0<0<2rn X =rsin$coso
0<p<m/2 y=rsinsinO
)

0<r<2 Z=rcos¢ z=0
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I 7%\ X* +y* + 2% dzdydx
0

2nm/2 2

ZI Ijrz\/f_zcosz ¢f25in¢dfd¢d6=J' Ijr*”sinq)-cos2 odrdpdo

6 n/2
=2n-—_|'sind)-cosz¢d6_64_Tt><£=647E
61 3 3 9

Ex.10: Find the Volume of the sphere of radius a.
Soln.  \blume :J.J.J.dv X +y*+2°=a’

= jﬂ dzdxdy

2nma a3 4Tfa3

j_!.J.rZSin¢dfd¢d6 =27c><2><;= ;

Substitutions in Triple Integration
Transforming an integral in (x, y,z) to new coordinates (u,v,w) as

x=g(u,v,w),y =h(u,v,w) and z =k(u,v,w),

m f(x,y,z)dxdydz:jﬂ f (g(u,v,w),h(u,v,w), k(u,v,w)) | J (u,v,w) | dudvdw_

G: The transformed region in u, v, w coordinate system,
J(u,v,w) is “Jacobian determinant or simply “Jacobian” defined as

x X &
ou ov ow
Juvw =Y Y xy.2)

ou ov awl o(u,v,w)
@ o o
ou ov ow

Note:

L The g,h,k must be differentiable functions and the transformation must to one-to-one.

o(x,y,z) o(u,v,w)
o(u,v,w) a(x,y,z)

2. J(u,v,w).J(x,y,z) =1 i.e,

3. Usually, the reverse substitution is made, i.e., U= g,(x,y,2),v=9,(X,y,z) and w=g,(X,y,z), and
J(X,y,z) is calculated first, then J(u,v,w) = Lt is evaluated.
J(X,Y,2)

4. Jacobian of transformations to cylindrical coordinates: x =rcos0,y=rsin0,z=z2
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Chapter-6
x o x
or 00 oz
iren=|2 ¥ ¥
or 00 oz
o o a
or 00 oz

Hence, dV = dxdydz = rdzdrd6.
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cos® -rsin® 0 .
in6 o 0 cos® -rsin6 (> 0)
=sin I cos = . =r(z
0 0 sin® rcoso

Jacobian of transformation to spherical coordinates: x = psingcos0, y =psin@sin6,z=pcose,

sin@cosO pcospcosd —psingsind

=lsinpsin® pcosesin® psingcosd | =p’sing.

CoS —psSing 0

Let D be the edge in the first octant that is cut from the cylindrical solid y* + z° <1 bythe planes y = X and

1

5.
o X x
op Op 00
J(p.cp.9)=ﬂ Xy ¥
op Op 006
oz o o
op Op 00
Ex.11:
x=0.
Evaluate m zdv
G
Soln.  According to the figure,
oy
[[[zav=[| [ zdz|oa
G R 0
1y1
= [[=@- y*)dxdy
002
1§ y
= [xa-y)dy
0
11
== Jya-y)dy
0
;PLﬁT
202 4]
:l Ans
8
2. VOLUME OFSOLID
2.1  VWolume in Cartesian coordinates

The volume of a solid can be found in the following 3-ways:

Volume by Single Integration : We suppose the solid to be cut by a plane perpendicular to the line chosen
(say, the z-axis) at a distance z from the origin. The section of the solids thus obtained is a plane section whose
area is a function of z, say, f (z) and then consider an another plane ata distance z + dz. The volume of the solid
between these planes is clearly f (z)dz.

&
N
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b
Therefore the volume of the solid = j f (z) dz . This method is applicable where slice of volume at height z is

having regular figures like circle, square, rectangle and triangle etc. Area of these slices can be obtained as a
functionofz.

dz

Volume by Double Integration : Consider the plane section of the solid by the plane z = 0. Now an element
of the area on the plane z = 0 is dxdy. We now consider a cylinder, formed by the area dxdy, the lines parallel
to z-axis and the area of the surface (given) cut by these lines. The volume of this elementary cylinder formed
is zdxdy .

Hence, the volume of the solid = ﬂ zdxdy .

X

Volume by Triple Integration : Taking the elementary volume (i.e. volume of the small element) dx dy dz, the

volume of the solid is ﬂ_[ dx dy dz , where the integration is performed under suitable limits such as to include
the whole volume.

yavy
vy

/[ /

9.11 Triple Integral (Notation)

Functions of three variable : f (x,y,z),9(X,Y,2),....

(o
N
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Tripleintegrals:J'J'J' f (x,y,z)dV,J'Hg(x, y,z)dv,....

m n p

Riemannsum: Z;Z;l; (U5, Vj, Wi ) AxAY; Az,
i=1 j=lk=

Smallchanges : AX;, Ay;, Az,

Limit of integration: a, b; c,d;r,s
Regions of integration: G, T, S
Cylindrical coordinates:r, 6, z
Spherical coordinates:r, 0, @
\Wolume of a solid : V

Mass of asolid : m

Density: p(x,Y,z)
Coordinates of centre of mass: X, y,Z
Firstmomemts: M,,,M,,M,,

Moments of inertia; Ixy, Iyz, ) B Iy, L1,
17.  Definition of Triple Integral
The triple integral over a parallelepiped [a,b]x[c,d | x[r,s] is defined to be

m n p

fOay,z)dvi= dim > > f (U, vy, W ) A AY;AZ,
[a,b]x['['!‘a[]x[rys] mgﬁg:g S oo ( i V] ) i2Yi
max Az, —0

Where (ui Vi W ) is some point inthe parallelepiped
(Xi—l!xi)x(yj—llyj)x(zk—l'zk)' and AX; =X — %1,

AY;=Yj=Yj1, AL =7 =74

s JLE Gy +a(xy.2)Jav =[] f (xy.z)av + [[[ f (x.y.2)dv
0. LTy =g(xy.2)]av = [[[ f (xy.2)av - [[fg(x.y.z)aVv

20, J[[Kf (xy,2)dv =K [[[ (% y,2)dV whereiskisaconstant.
G G

21. If f(x,y,z)=>0 andG and T are non overlapping basic regions, then
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22.

23.

24,

25.
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m f(xy z)av =m f(xy,z)dv +m f(xy,2)dVv

GuUT

Here G UT isthe union of the regions Gand T.
Evalution of Triple Integrals by Repeated Integrals
If the solid G is the set of points (X, Y, z) such that

(X, y)eR, (X y)<z<y,(xy), then

x2(%y)

i n[ i >]

xa(xy)

Where R is projection of G onto the xy-plane.
Ifthe solid G is the set of points (X, y, z) such that

as<x<h, o (x)<y<o,(X), % (X y)<z2<X%,(x,y), then
bl @200 ((x2(x.y)
J.J.J.f(x,y,z)dxdydz=_|. _[ J. f(x,y,z)dz |dy |dx
G a| @)\ xa(xy)
Triple Integrals over Parallelepiped [a,b ]x[c,d]x[r, s], then

fg f (X’V,Z)dxdydhm[} (% y,z)dz]dy}dx

ajc\r

In the special case where the integral f(x, y, z) can be written as g(x) h (y) k (z) we have

J.J'J' f (x,y,z)dxdydz =[_t|{g (x)dx][}h(y)dy][}k(z)dz]

Change of Variables

_m-f(x y, z)dxdydz _m.f[x u,v,w)y,(u,v,w),z(u,v,w ]‘ dxdydz
ook
ou ov ow
Where (x¥.2) _|Y Oy # 0 isthe jacobian of the transformations
u,v,w)| [ou ov ow
oz o o
ou ov ow

(x,y,2)— (u,v,w), and Sis the pull back of G which can be computed by x = x (u, v, w)

y=y(u,v,w) z=2z(u,v,w) into the definition of G..

Triple Integrals in Cylindrical Coordinates the differential dxdydz for cylinderical coordinates is




26.

217.

28.

29.
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o(x,y,2)

o(r,0,2)

Let the solid G is determined as follows:

dxdydz :‘ drd6dz = rdrd6dz

(X, y)ex(xy)<z<x,(xY),
Where R is projection of G on to the xy- plane. Then

%2(rcos6,rsin@)
”If(x,y,z)dxdydz:”ff(rcose,rsine,z)rdrdedz: H J f (rcos6,rsin®,z)dz [rdrd6
G S R(r.0) X1(r cos®,rsin0)
Here Sisthe pullback of G in cylindrical coordinates.
Triple Integrals in Spherical Coordinates
The Differential dxdydz for Spherical Coordinates is

o(x,y,2)
o(r,6,0)

_m f (x,y,z)dxdydz = _m f (rsin@cose, rsin@sing, rcos)rsin@ drdede
G s ’

dxdydz =‘ drdodo = r?sin 6drdod ¢

Where the solid S is the pullback of G in spherical coordinates. The angle 6 ranges from 0 to 2x, the angle ¢
rantges from O to . z

Volume of S solid in cartesian coordinates

V= Jy dxdydz

\Volume in Cylindrical Coordinates

V= J'J' rdrd0dz
s(r,0,2)

\Wolume in sperical Coordinates

V= m r?sin® drdo do
S(s.0,0)

Ex.13: Find the volume bounded by z = x? + y? and z =1
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Soln.  This question can be solved by single integration, double integration as well as by triple integration
By Single Integration

ZA

X

1 L 2
V= IO f(z)dz = f r(V7) dz=x % :%.
z= z2=0 0
By Double Integration
Y =”(1— (x* +y?))dxdy
RXY
R,, is projection of volume at xy plane
Y4

Solving in polar coordinate system

27 1 r2 r 1
V= 1-r>)rdrdf =|— -
[ [a-r >

6=0r=0

By Triple Integration

v=[f T dzdydx:g(l—(xz+y2))dxdy:g

Ry z=X*+y?
Thus, volume can be calculated by any method. Here first method can be applied because slice of volume is of
circular shape.

Ex.14: The solid lies between planes perpendicular to the x-axis at x = 0 and x = 1. The cross-sections perpendicular
to the x-axis between these planes are circular disks whose diameters run from the parabola y = x* to the

parabola y =+/x .
Soln. Areaof disc formed at general x is A(x)

T T

A(x):%(diameter)2 =Z(\/;—x2)2 = 4(x—2\/§-x2 +x4);a=0,b=1

&
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V—bA g T 5 1 4 1

= _j (x) x_z'c[(x— X §_7+5
=—(35 40+14)—9—”
4-70 280

Ex.15: The base of the solid is the region in the first quadrant between the line y = x and the parabola y = 2Jx . The
cross sections of the solid perpendicular to the x-axis are equilateral triangles whose bases stretch from the line

to the curve.

Soln. A(x):%(side)z(sin%] \/—(ZI— ) =\{1—(4x 4X\/;+X) a=0,b=4

b 4 374
= V:J‘A(X)le=£j(4x—4x3’2+x2)dx_\/§ 228 x4 X :£[32—Q+G4J
2 4 4 5 & | 5 3

0
:% 1_§ 2 =i(15 24 +10) = —— ‘/_
4 5 3 15
Ex.16: The solid lies between planes perpendicular to the x-axisat x == and x = 2= . The cross-sections between
these planes are circular disks whose diameters run from the curve y = 2 cos x to the curve y = 2 sin x.

Soln.  A(x) = % (diameter)?® = % (2sin x — 2 cos X)* =%-4(sin2 X — 25sin X cos X + cos” X)

=2

= (1—-sin 2x);a:Z
4 4

sul cos2x I 57 cos2) (7x cosZ
= V= IA(x)dx 7rJ-(1 sin2x)dx =7 | X+ =r|| —+ 2 || —— 2| |=x2
2 4 2 4 2

nl4

&
N
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Ex.17: The solid lies between planes perpendicular to the x-axis at x = 0 and x = 6. The cross-sections between

these planes are squares whose bases run from the x-axis up to the curve x? + y*? =/6.

Soln.  A(x) = (edge)? = ((\/6 - \&)2 - O)2 = (\@ - ﬁ)4 =36 — 24+/6+/X + 36x — 4/6x¥% + X ;

b 6
a=0,b=6=V =jA(x)dx=j(36-24\/6\&+36x—4\/6x3’2 + x2)dx
a 0

378 3
:{36x—24\/§-§x3’2 +18x2 —4J€-§x5’2 +X?} =216 -16-/6/6 -6 +18-62 —%\/EJE-GZ +%

0

=216 - 576 + 648—?+ 72-360- 1728 =1800;1728 =%.

Ex.18: The solid lies between planes perpendicular to the x-axis at x = 0 and x = 4 . The cross sections of the solid

perpendicular to the x-axis between these planes are circular disks whose diameters run from the curve x* = 4y

to the curve y* = 4x.

2\? 4 b
Soln.  A(x) =2 (diameter)? = %= | 2x = 2| =7 | ax—x¥2 + X ra=0b=4 =V =|AX) dx
) 4( ) 4[\/_ 4 4 16 '!:()

4 4 5 4
=2 ax— x4 2 ldx="] 2 L2y X | _Eap 398 2 45 721
49 16 4 7 516 |, 4 7 5 35
Ex.19: The base of the solid is the region bounded by the parabola y? = 4x and the line x =1 inthe xy-plane. Each
cross-section perpendicular to the x-axis is an equilateral triangle with one edge in the plane. (The triangles all
lie on the same side of the plane).

Soln.  A(X) =1 (edge)?sin| = _\3 2% —(-24/x P 3 aJx) =4f3x;a=0 b=1
2 3

4 4

1
0

= V:j'A(x)dx:j'4\/§xdx:[2\/§x2] =23.

&
N
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5.

Ex.20:

Soln.
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DIRICHLET’S THEOREM
Statement : The theorem states that :
_mj XXX L xT A dx, dX . OX = [(m,) T(m,) T(m,).... C(m,)

r(m +m,+-+m +1) '

where the integral is extended to all positive values of the variables x,, x,,...., X, subjectto the condition
X + X, +--4+ X, <1,

LIOUVILLE’SEXTENSION OF DIRICHLET’S THEOREM
Statement : If X, y, z areall positive suchthat h, <x+y+z<h,

(1) [(m) T'(n)

F(x+y+2z)-x"ty"'z" tdxdydz =
-m.( y+2) d d rC(+m+n)

JZF(U) ul+m+n—1 dU
hy
I'(1) T'(m) ['(n)

_ I-1,,m-1_n-1 _
Cor. 1. I_J.J.J.F(x+y+z)x y" "z dxdydz = T e man)

hy
J. F(u)‘u|+m+n—l dU
hy

when the integral | is extended to all positive values of the variables X, y, z subject to the condition
h <x+y+z<h,.
Cor.2. General form.

hy
[Pl +t + ) gttt dit, ., = Jm jm, ..[ 1, Jamemem
My i

4 m, e
can be reduced to a simple, where F is continuous, m, >0 (r =1, 2,...., n) and the integration is extended

over all positive values of the variable such that h, <t +t, +---+t, <h,.
Itis Liouville’s extension for n variables.
2 2 2
. XSyt 2
Evaluate ﬂj x y z dx dy dz taking throughout the ellipsoid = + s 1.
a c

X 1
Let = =u, x=au"?, dx==au "*du
a

y’ 172 1.
=V, y=bv'e, dy==bv“dv
pz ) =3
2
2—2 =w, z=cw"?, dz _ L ow g
c 2
Therefore, when the given integral is taken for positive values of X, y, z in positive octant, the given integral

reducesto =

aztgcz J.J. dudvdw.

Subject to the condition u +v +w<1

2|2 A2 2W2 A2 3
-2 ZC J'J'J'ul’lvl’lvvl’ldu dvdw =2 ZC I (1;1)1 D [By Dirichlet’s Theorem]
+1+1+

&
N
LAREER ENDEAVOUR
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_ah’e® 1 akhc’
8 T4 8x6
Hence, for the whole ellipsoid, the given integral is
a’v’c®  a’b’c?
8x6 6

Ex.21: Evaluate ﬂj x Y2y V2 77U2() _ x — y— 7)Y2dx dy dz extended to all positive values of the variables subject

to the condition x + y + z <1.
Soln.  Whenthe conditionis 0 < x + y + z <1, we have the given integral

F(ljr[ljrtlj . L
-Iﬂx2 2 ZE {1-(x+y+2)}" dxdydz = 2/ \2) A2 I(l—u)uzui*gq—ldu

1"14_1_'_1
2 2 2

3
Jr N 8, 3
( ) J‘(l u)? 1/2du_(1 ?Lj‘(l_u)z 1uz 1du
r o
(2) 2 2
(V=) T35 M
=~/ [Using Liouville’s extension of Dirichlet’s Theorem]
1\/— r3
—NTT
2
NN
g2 2 W
211 4

Ex.22: Evaluate: ﬂje“y”dx dy dz taken over positive octant such that x + y + z <1.

Soln.  Here, the conditionis 0 <'X + y + z 1. Hence the given integral

X+y+2 11 1111 rgrQra u,,3-1
_m'e . y dxdydz _%le us " du

:%{{u o jzue du}—;{e 2{(e u jle duH

:%[e—2e+2{e“}:} ;[e 2e + 2 - 2]_ (e-2).

Ex.23: The value of the integral J'J'J'D (a’b*c® —b2c2x2—czazyz—azbzzz)ﬂzdxdydz where D is the region

X2 y2 Z2

PEARTRBCELEE [CUCET-2016]
1 212,22 2.2 2 1 2| 2.2,_2

@ a’b’c’n’ (b) 2 b*c*n © 3 e @) 2 b’c’n

&
N
LAREER ENDEAVOUR
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zbz 2_b2 2,2 \2.2,2 2b2 2 1/2d dvd X2 y2 Z2 .
Soln. m'(a C c°x“—ca’y" —a‘hz") " dxdy Z:abc_m 1- ?+F+c_2 dxdydz
D

X y
Put —=u, —=V, =W
a b

z
c

dudvdw = abcdudvdw

. dxdydz = o y.2)
: o(u,v,w)

2 2 2

and D :—2+y—2+z—231 = S:uf+vi+w’ <1
a~ b® c
Therefore,
= a2b2c2jjj (1—(u? +Vv2 +w?))"*dudvdw
Inpolar form

2n

=a’b’c? J']E
00

O e

T 1
r’(1-r*)"?sin¢drdpd6 = 2na2b2C2J.Sin d ¢_[ r2(1-r®)"2dr
0 0

TE/Z PF 1 2b2 2
=4na’h’c? J' sin?0-cos® 6d0 _ 4malh’c? x 1212 = 4ma’h’c? x = x m__abcer
) = oE 47 2x21 7 4

Ex.24: [[[ x*ydxdydz, where v :x*+y? <1, 0<z<L is [I1SM-2015]
y

(@) 4n/15 (b) n/5 © 0 (d) 2n/15

Soln. IHXzydxdydz=Hjx2ydzdxdy R +y <
v R 0

2n 1 2n
= [[*ylzlydxdy = [[ xtyexdy = [ [ r*cos* 6.sin Odrde =éjcos2 0-sin0d6 =0
R R 00 0

Ex.25: The volume of the solid which is bounded by the cylinder x* + y* =1 and the planes y+z =1 and z =0 is

@ % (b) g © = (d) 2n [ISM-2015]
Soln. V = [[[dv
= J'J' j‘ dzdxdy = J;_[[z](ljydxdy _ J'J' (1- y)dxdy (R +y? <1}
In polar form

2n 1 2n 1 2n 1

:J'J'(l—rsine)rdrde=Hrdrd6—”rzsin6d6=2nx1—ix0=n
00 00 00 2 3
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Ex.26: The volume of solid bounded by the planes x+2y+z=2, x=2y, x=0and z=0 is

1 2-2y 2-x-2y 1 1-3 2-x-2y
@ [ [ [ dedxdy [ [ | dadydx [JAM(CA)-2010]
0 0 0 0 x 0
1 2y 2-x-2y 1 12 2-x-2y
© [ [ [ dedydx @[ [ [ dedyo
0 0 0 0 0 0 y
4
Soln. Volume:_mdv
11-x/22-x-2y X+2y=2
=I _[ _[ dzdydx
0 x/2 0 X

Ex.27: The volume of the closed region bounded by the planes x=0,y=0,z=0 and 2x+5y+10z=10 is

20 10 5
@ 5 (b) 5 ©5 @ 5 [AM(CA)-2008]

Soln. \Wolume= J.J.J.dv y

5 5 10
=[ [ | dadydx
0 0 0 X

{lo-spgl ol )5

Ex.28: The volume of the closed region bounded by the surfaces x°+y% =2x, z=-1and z=1is

@ 0 (b) g © 2= d) = [JAM(CA)-2011]

Soin. Velume = o = ][ by = [ 20y

Inpolar form

X2 +y?=2x= R =2c0s6, —gs xsg

n/2 2cos® nl2 [ o T]2cos6 2
:2_[ _[ rdrd =2 _[ {%} do :2_[ 2cos?0d0

-n/2 0 —n/2 0 —n/2

n/2

=8_|' cos?0d0 —gx " — 25
° 4
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Ex.29: The value of the region in R® given by 3| x|+4|y|+3|z|<12 is

(@) 64 (b) 48 (c) 32 (d) 24 [JAM(CA)-2011]
Soln. \Wlume :8><J'J.J.dV ;
4 3’% 4-x-4y/3 4 3’374)( 4 4
=8><j _[ _[ dzdydx=8><_[ _[ (4—x——yjdydx
0 0 0 0 0 3
3x
4 2y2 Eary X
=8x {(4—x)y——} dx
{ 3, V)

g

- f{@ X)(B"Tj‘g[‘%‘%} }dx=8x8=6 y

Alternative solution
for x>0,y>0,2>0
3x+4y+3z2<12

X z
= —+1+—sl

volume = %X4X3X4=8
\Volume of region 3|x| + 4|y| + 3|2| <2 =8x8 = 64
Ex.30: The volume of the tetrahedron bounded by the planes z=0,x=0,y=0 and y+z—-x=1is

@) % (b) 6 © 1 (d) % [JAM(CA)-2012]

0 1+x1+x-y 0 1+x

Soln. Volume:_mdv =[ [ ] (dadydx = ['(@4x- y)dyex

_J‘{(l+x)y——zl) dx=jll{(1+x)2 (1+2X) de_ J(1+x) dx _E{@LZ%

Ex.31: The volume of the region bounded by the surfaces z=4—/x*+y* and z =./x?+y? is
2 8 4 16
@ = 0) — © — (d) —= [JAM(CA)-2013]
3 3 3 3
x? +y

Soln.  \blume= J'J'J'd\/ J'J' J' dzdA = J.J.( \/x +vy° —\/x +y) J.J.(4 ZW)dxdy

)(+y

4—\/x2+y2 =\/x2+y2:>x2+y2=4
R: x*+y* <4
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2n 2

f ) 161
. Volume = _H(4—2r)rdrd6= 2n_[(4r—2r )dr ===
00 0

Ex.32: Find the volume of the solid whose base is the region in the xy-plane that is bounded by the parabola
y =2—x? and the line y = x, while the top of the solid is bounded by the plane z = x + 2.
[JAM(MS)-2007]

Soln. Vqumezj_U dv Y

1 2-x2 x+2
:J‘ j j dzdydx /
2% 0 -2 X

Point of intersection : 1

2-x2=x=>x+x-2=0=>x=-21

1 2-x? 1

= [ [ (x+2)dydx = [ (x+2)(2-x* = X)dx = .75

-2 X

=4 x=27 y=\4z-x

Ex.33: Evaluate the triple integral : J' J' dydxdz [JAM(MS)-2012]
z=0 x=0 y=0
7=4 x=2+/7 y=N42-x? 4247 7
Soln. = J. J. J. dydxdz =I _[ 4z —x?dxdz X2
2=0 x=0  y=0 00 4 z :Z

Change the order of integration.

4
0 x

4 X
\4z — x*dxdz 4
/

214

A (4)(2_)(2]3/2
4 24\3/2 4
x| e A ok == @6 X" x
) §><4 0 6 6 0

2

X214

Put x=4sin® = dx=4co0s06d0

T

g 2
=%f(16—16sin2 0)* -4c0s6d0 =%x(16)3’2f0053 0-cos0d6
0 0

A
128 1\2)\2) 64 272 (l2) 84, 3 . _4

cos*0dO = %7 = -

3 2 T 3 4x2
‘(5+1j 3 ©)

_128
3

ot—— |2

2 2




Ex.34: Let m be a real number such that m > 1. If

P — 3
O e

2

e’ dydxdz :Tﬁ e dxdydz
100

m1
sol. []
10

—r

Bychange inorder of x &y

_ml 2y3dd 1% 2T 17 1
_Hye yzzgﬂe l}dz=§_[(e—1)dz=§(m—1)(e—1)

1
= g(m-D(e-=e-1- m=4
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1
_[ eysdydxdz =e-1, thenm =
N

[JAM(MS)-2016]
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EXERCISE-1

PART-A (Multiple Choice Questions (MCQ))

1.

340
Thevalueof [ [ [ 4x*y —2°dzdydx js
2-1-1
=) %)
@ 4 (b) 5
755
() (Tj (d) None of these
121
The value of [ [ [(x* +y*+2*)dxdydz is
-100
@ 8 (b)-8 (c) 10 (d) 4
123
The value of [ [ [ dzdydx is
000
@ 8 (b) 6 ©12  (d)18
abc
The value of J-J-J.(x + Y + z)dzdydx is
000

(a) (Wj (b) (abc(a+b+c))

(abc(a+b +C)

> j (d) None of these

1 zx+z

c ” _[ (x+y+z)dydxdz is

-10 x-z

@ 2 ()3

11-x1-x-z

The value ofj I I xyzdzdydx s
1 1
@ (@] (b) (ﬁoj
1
(©) (@j (d) None of these

cbb
The value of _[ _[ j(xz +vy° +2%)dxdydz is

-b

©0 (d)4

(@) (8abc(a® +b’+c?))

(b) (%abc(a2 +b? + cz))

10.

11.

12.

©) (%abc(a2 +b? +cz)j
(d) None of these

In2 x x+Iny

The value of _H _[ e*""*dzdydx is
00

(@) (%InZ—%) (b) (%In2+%j

4 19
©) (5 In2 _Ej (d) None of these

111-x

The value of _[ _[ _[ xdzdxdy is
0y2 0

=) )
@ |35 ®) |35
)
(© 35 (d) None of these
11-x1-x-y
dzdydx
The value of IR LS
-([ -([ (1+x+y+2)°

(d) None of these

|
) o 3me-3))
J

1
The value of _[
0

@ ()
o (3]

J. I xyzdzdydx is
0 0

1
02

(d) None of these
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31y
13. The value of ” _[ xyzdzdydx js
110

<

19. The value of mzdv, where V is the volume
\Y

bounded below by the cone x*+ y*=1z* and

1713 %6 above by the sphere x* + y* + z? =1, lying on the
@ (E{EHMD (b) (_[_HMD positive side of the y-axis.
2[26 26 @ — ()~ © = (@)=
© 5 ?+In3 @) | = ——|n3 16 4 8 32
2 20.  Find the volume cut-off the sphere
n/2asin® a 2 2 2 2 2 2 2
14, ThevalueofJ' _[ _[ rdzdrd® is X*+y*+2° =a’ bythecone x* +y* = z°.
A LIPS () 1
5a’n 5a’n (@) 3 V2 (®) 3 V2
@1 64 ®) | 732
3n 1
. o (c) ?(1+$j (d) None of these
a’n a’n
© [ 16 j (d) [ J

f(x,y,z)dzdydx isequal to

X

1
21. Theintegral J'
0

O S
O —<

y

15. The value of e dzdydx js

O ey
O ey <
O ey +

(@) Jx.f(x y,z)dy dzdx

z

O e
O S

@) G (e" —6e* +8¢® —3)

(b) J.f(x,y,z)dydzdx

O e
O S X

(b) (_El (e —6e* +8¢° —3)

[ f(xy,2)dydzax

z

(©)

O ey
x —

© (%(e“a —6e” +8¢* —3]

~N

(d) None of these

11
)j”f(x y, z) dy dz dx
427 \az-x* 0x0
16. Thevalueof | [ [ dydxdz is Z 7
o0 0 22. \Wolume of the part of the cylinder — + —=1,
@ 32r (b) 8n © 167  (d) 4x 14

which lies between the planes y = 0 and y = 3x.
17. The value of Hj(z5 + z)dzdxdy over the sphere (d) 8 (b) 6 (c) 4 (d) 2
23.  Find the volume of the portion cut off from the cyl-

X +y*+2°=1is .
4 inder 2x*+y°=4x and the plane

@il®b 0 (0 3 d 4 B .
18. Find the volume bounded by the surface z=xandz=3x
X2 y: ozt @ 2v2z (0)2rx ©)37 (d) 337
a2 " b2 " o 1. 24.  Find the volume generated by revolving the region
2nabe 4mabc bounded by y=+/x;y=2;x=0 about the
@ —¢ (b) —5 X-axis
16mabc 8rabc @ 27 (b) 4z (©) 8z (d)167
© — () —
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25.

26.

217.

28.

29.

30.

31
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Consider the solid obtained by revolving the region
bounded by the surface

y=x*+x+1;y=1and x =1 about the line x=
2 then volume generated is
137T

267 3r
O Q@

@ 5
The region bounded by the curve y = x* +1 and

the line y = — x + 3 isrevolved about the x-axis to
generate asolid. Find volume of solid

117~ 117~ I
@ 5 0 @5

Find the integral jjj,/l—xz—yz-zzcjxdydz
R

where R is region interior to the sphere

) 7x

X +y*+7°=1.

2
s

TE2 TE2
@ > © 3 (d) 7
Find the volume of the solid which is bounded by
paraboloids z = x> + y* and z =4—3(x* + y?) .
@ -2r () wn/2 © 2r (d)-=/2
Through a diameter of the upper base of a sight
cylinder of altitude ‘a’ and radius ‘r’ pass two
planes which touch the lower base on opposite
side. Find the volume of the cylinder included

between the 2 planes.
@ ar? |:Tt+gi| (b) ar? {n—%}

4 4
(© T3 (d)Tc+§

(b) 1

Volume bounded by the sphere X + y? + 22 = a*

and cone x*+ y? =z above xy-plane is equal
to

21 1
o 5]

271 1
© ?(“ﬁ)

\olume generated by revolving parabola y* = 4ax
about the latus rectum
16

a® Ena
@) T ()16

2n 1
057

(d) none

*(© —na (d) none

32.

33.

34.

35.

Chapter -6
The volume of the solid bounded by cylinder
x*+y®=1 and paraboloid z=x?+y? where
Xx>0,y<0,z>0

(d) none

T T T
@ 3 ®) 3 © g
Find the volume of the solid which is below the plane
z = 2x + 3 and above the xy-plane and bounded

by y* =x,x=0and x=2.

1442 7[
@ —- (0) <=
©) 142 (d) None of these
Find the volume of the solid which is below the plane
z=x+3y and above the ellipse
25x° +16y* =400, x>0,y>0.
/380 us 19
@ =5 OF ©35 O3

Find the volume of the solid which is bounded by
the cylinder x* + y> =1 and the planes y + z =1
and z =0.

@ 2n  (b)3n

©) = (d)4r

PART-B (Multiple Select Questions (MSQ))

1.

Let | = _m (2x + y)dxdydz whereRisthe closed
R

region bounded by the cylinder z = 4 — x* and the
plane x=0, y=0, y=2andz=0. Let

42«5«/42f><2
J =_([ _([ _([ dy dxdz then

@) |=% (0) |=%°
© J=8r d) J=4r

Which of the following is TRUE ?

(@ Wolume boundedby z =2xy; z=0;
y=1;y=2;x=0;x=1is1/2

(b) Volumeboundedbyz =2xy; z=0; y =1;

y=2;x=0; x=1is3/2

(¢) \lume bounded byparaboloid X* + y* =1+ z
and z=0is /2

(d) Volume bounded by paraboloid x* + y* =1

+zandz=0is (—x/2)
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PART-C (Numerical Answer Type (NAT))

1.

10.

11.

12.

The value of _m(x+y+z)dehre v is cube

x>0,y>0,2>0,x<l,y<land z<1lis

The value of xyzdzdydx is

O e »
O Sy
O <

dxdydz . .
m—3 »Visthe domain bounded bythe
v (x+y+z+1)
planes x=0,y=0,z=0,x+y+z =1is
The value of ﬂj xydxdydz, v is the domain
\%

bounded by the hyperbolic paraboloiad z = xy and
planesx+y=1andz=0 (z>0)is

_m ycos(x + z)dxdydz, v is the domain bounded
by the cylinder y = /x and the planesy=0,z=0

d X+1z T
an =—
2

The volume of the solid bounded by z = 4 - y?and
z=y?*+2 andplanesx=-1and x =2 is

The volume of the solid bounded by the parabo-
loids z = x* + y?and z = x* +2y*and the planes
y=Xx,y=2x,x=11Is

The value of

O Sy N

_[ _[ z%dzdxdy is
0

The value of

3 \Jo-y? (9—><2—y2

—

X2 +y? + 27 dzdxdy is
8oy —\fo-x-y?

\/maz—xz—yz
The value of _[ _[ _[ x2dzdydx, (a > 0) is
0

0

®

o

1-x2 J1-x2-y?

I e

The value of m XyzdV  where G is the solid in the
G

—(X2+y?+2%)

The value of dzdydx is

'L'—.H

first octant that is bounded by the parabolic cylin-
derz=2-x*and the planesz=0,y=xandy=0

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24,

25.
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The volume of the solid in the first octant bounded
by the co-ordinate planes and the plane

3x+6y+4z=12'is
The volume the solid bounded by the surface

= Jy andtheplanes y+z =4and z=0 is

2n1\/17
The value of H _[ zrdzdrdOis
00 O

/2 cos6 r?

The value of _[ _[ jrsin 0dzdrde is
0 0 O

n/2n/2 1

The value of j -Hr3sin dcosdrd pd is
0 00

The volume of the solid bounded bythe parabolaz
= x?+ y?and z =2x*+2y?,cylinder y = x*and
planey =xis

The volume of the solid bounded by z = x? + y2and
plane z=x+Y.

Ve z

2
The value of [ [ | yzdxdydz js
0

=11l

V9-22

/

Va—x? 3-xP-y?
_[ _[ zdzdydx jg
0

—5+x%+y?

The value of

O Ly,

jxydxdydz is
0

2
The value of _[
0

The value of _m xy sin(yz)dv, where G is the rect-
G

angular box defined by the inequalities
0<x<m0<y<10<z<n/6

jﬂ(xz +y?+22%)dv, where w is the region that
W

lies below the paraboliod z = 25 — x>*—y?, is the
cylinder x2+y? =4 and above xy-plane is

The volume of the solid that lies behind the plane x
+y+z=_8and infront of the region inthe yz-plane

. 3 3 .
that is bounded by Z =E\/§ and Z :Zy is
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26.

217.

28.

29.

30.

31

32.

33.

34.

35.

36.

Triple Integration & its Applications
_m \3x2 +3z%dv, where E is the solid bounded by
E

y =2x? +2z%and the planey =8 is
Evaluate [[[12y-8xdv where E is the region
E

behind y = 10 — 2z and in front of the region in the
xy-plane bounded by z =2x,z=5and x=0.

Evaluate _m yzdV where E is the region bounded
E

by x = 2y? + 27> -5 and the plane x = 1
Evaluate _[_UlSde where E is the region between
E

2Xx+y+z=4and4x+4y+2z=20thatisinfront
of the region in the xy-plane bounded by z = 2y?

andz= /4y

j j: y cos(z°)dxdydz
00

™

Evaluate

O ey

Evaluate j J' J' 6z2dV Where E is the region below
E

4x +y+ 2z =10 inthe first octant.

Evaluate _m 3—4xdV where E isthe region below
E

z = 4 — xy and above the region in the xy-plane
definedby 0<x<2,0<y<1

Use atriple integral to determine the volume of the
region below z = 4 —xy and above the region inthe

xy-plane defined by 0 < x <2,0< y<1.
Use atriple integral to determine the volume of the
region that is below z=8-x*-y*above

7 =—4x? +4y? and inside x* + y? = 4.

The loop of the curve 2y* = x(x —1)* revolves
about the liney =1, the volume of solid generated

. 82K
15 '

\Wolume of solid whose base is in the xy-plane and
is the triangle bounded by the x-axis, the line y = x
and the line x = 1; while top of the solid is in the

plane z=x+y+1

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

Chapter -6

dxdy dz

+y+z+ 1)3 throughOUt the vol-

Evaluate _m

ume bounded by the co-ordinate planes and the
plane X+y+z=1 is

Klog2- L%then K — L equals

Find the volume cut from a sphere of radius 5(with
centre origin) bya right circular cylinder with 3 asa
radius of the base and whose axes passes through

thecentreof thesphereis K 627 thenKis__
Find the volume of cylindrical column standing on
the area common to the parabola x = y* ; y = x
as base and cut off by the surface
7=1+y-x°

(Correct upto three decimal places)

Find the volume of the solid cut off by the surface
z = (x + y)® from the right prism whose base in
the plane z = 0 is the rectangle bounded bythe line
x=0;y=0;x+y=1___

\Volume of the solid bounded by the surface
(x> +y*+2°)°=27xyz_____

\olume commonto x*+y? =1, y*+z°=1, and
x? +72 =2 hasvalue k(2-+/2) thenfindk____
Find the volume of the solid which is bounded by
the paraboloid z =9 — x* — 4y? and the coordi-
nate planes x>0, y>0, z>0.

Find the volume of the solid which is bounded by
the surfaces 2z = x* + y* and z = x.

Find the volume of the solid which is bounded by
the surfaces z =0, 3z = x* + y* and the cylinder
x* +y?=0.

Find the volume of the solid which is inthe first oc-
tant bounded by the cylinders x> + y*> = a® and
y* + 2% =a’.

Find the volume of the solid which is bounded by

the paraboloid 4z=x*+y*, the cone
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7* = x* + y* and the cylinder x* + y* = 2x.
Find the volume of the solid which is common to
theright circular cylinders x* + z2 =1, y? + 7% =1
and x* + y* = 2x.

Find the volume of the solid which is above the cone
7? = x* + y* and inside the sphere

X +y*+(z-a)’=a’.

Find the volume of the solid which is below the sur-

face z = 4x* + 9y? and above the square with ver-
tices at (0, 0), (2, 0), (2, 2) and (0, 2).
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Find the volume of the solid which is bounded by
the paraboloids z = x + y? and

7=4-3(x* +Y?).

Find the volume bounded by

yo=x+1 Yy =—x+1 z=-2, z=x+4.
The volume bounded by the paraboloid
y? + 2% =4ax and cylinder x? + y? = 2ax is
Find the volume enclosed by the surfaces,

x> +y?=cz,x* +y*=ax, z=0.

PART-A (Multiple Choice Questions (MCQ))

1. (@) 2. (a) 3. (b 4. (© 5. (0) 6. (b)
7. 0 8. (a) 9. (0 10. (o) 11. (a) 12. (d)
13. (d) 14. (a) 15. () 16. (b) 17. (b) 18. (d)
19. (a) 20. (b) 21. (a) 22. (a) 23. (a) 24. (c)
25. (b) 26. (b) 27. (d) 28. (0) 29. (b) 30. (b)
31. (a) 32. () 33. (a) 34. (o) 35. ()

1. (ac)

2. (bo)

> (%)

1 5
= In2—=
WECS

7’ 7
5 (E_E 6. (8) 7. (Ej
na’
9, 10. _48 11.
& 5
13. (4) 14. | 72 15. |5

) .

PART-B (Multiple Select Questions (MSQ))
PART-C (Numerical Answer Type (NAT))
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128 49
22. (?j 23. n(n—-3)/2 24. (2300 ) 25. (?j
256+/3n 3125 49
26. 15 217. 5 28.0 29. >
) o () {-3)
30. 10 31. > 32. 3 33.(7)
104=
34. 3 35.3.14 36. 1 37.0
38.0.67 39. 0.596 40. 0.25 41.45
42.8 3 2 14, = 2in
' " 16 ! T2
2a° (256 —27m)
4. = 41. = 8, 8(2-v2) 49. 1’
208 , 16a°
50. 3 51. 2n 52. 3 53. 3to72°
3na’
54,
32c




