A

Application of Derivatives

Increasing and Decreasing Function:
A continuous functioninan interval | is

Ex.

Soln.

(@ Strictlyincreasing if x, < x, = f (%)< f(%,) VX, X, €|

(b) Increasing if x, <X, = f (%)< f(%,) VX, %, €l

(c) Strictlydecreasingif x, <x, = f(x,)> f(x,) vx, X, €

(d) decreasingif x, <x, = f (%)= f(x,) Vx,x, €l
In other way, A continuous function on interval | and differentiable on 1 is

(@) strictlyincreasingif f'(x)>0 vxel

(b) increasing if f'(x)>0 vxel

(c) strictly decreasing if f'(x)<0 ¥xel (d) decreasing if f'(x)<0 vxel

Thefunction f (x)=sin(x)+cos(x),where 0< x < 2m, isincreasing in the interval

@) [O%) U [%ﬂ 27:}

e

f (x)=sin(x)+cos(x)
f’(x)=cos(x)—sin(x)

f’(x)=0=>cos(x)=sin(x)

= tan(x)=1
T 5|
= X=—,—
4 4

Signscheme for f'(x),

f'(x)>0V XE(O,%)U[S—R, 21

4

option (a) is correct

)

T 571
(b) (Z'TJ

(d) (% 27:)
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Ex.

Soln.

Ex.

Soln.

Ex.

Soln.
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The range of values of xinwhich y = 2x* —9x? +12x + 4 is strictly decreasing is

@ (~o,1] (b) [-1.2] © [12] @ [-1-2]
y=2x>-9x* +12x+4
Y 6y _18x+12
dx
=6(x* —3x+2) =6(x—-2)(x-1)
dy B + - +
&— 0=x —1,2 5 i ) o
Signscheme for f'(x)
f'(x)<0 vxe(1,2)
Correctoptionis(c)
The function f (x)= X__ s increasing in the interval
In(x)
@ (0,1) (b) (O,e) (© (e,) (d) (0,)
X
f =
=5
1
IN(X)- =X~ |n(x)-1 - +
Now, f'(x)= = ) e +¥

(mEf —(me)f
f'(x)=0=In(x)-1=0=In(x)=1

= Xx=e

f'(x)>0 vxe(e,»)

Option (c) iscorrect

The function x+sin(x) is best described as

(@ non-decreasing  (b) non-increasing (c) decreasing
f (x)=x+sin(x)

f'(x)=1+cos(x)>0 VxeR

fisincreasing or constant function = f is non- decreasing function
option (a) is correct

(d) increasing
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Slope of Tangent and Normal,
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3. Let y = f (x) beacontinouscurve and let P(x,, Y, ) be pointonit.

Y 4
Tangent
P X 1. 1)
(i)
ot & e
Normal

dy
then, [&lw) is the slope of tangent to the curve y = f (x) atapoint P (X, Y, ).

= [ﬂj =tan 6 =slope of tangentat P
dx Jp
Where, 0 is the angle which the tangentat P (X, y; ) forms with the postive direction of X- axis as shown in the
figure.
Remark:

() Horizontal tangent: if tangent is parallel to x- axis, then
0=0" =tan6=0

NE
dx (x:¥1)

(i) Vertical tangent: if tangent is perpendicular to x-axis or parallel to y-axis, then
0=90°=tanO=o00r cot0 =0

e
y (%.¥1)

Slope of Normal:

We know that the normal to the curve at P (x,, ¥, ) is a line perpendicular to tangentat P(,, y, ) and passes
through P.
.. Slope of the normal at
P= -1
Slope of the tangent at P

= slope of normal at P(x,, y,)=—

Q_‘Q_
X <

Lt
[ j(xl,yl)

j(xlr)ﬁ)
Remark:
(i) Horizontal normal: if normal is parallel to x-axis, then

_(%] _0or _(%j 0
dy (x%1) dy (x1y1)
dy

(i) Vertical normal: If normal is perpendicular to x-axis or parallel to y-axis then —(—j =0
(a.¥1)

o (o
S

or slope of normal at P(x.¥:)= ‘(

dx

&
N
LAREER ENDEAVOUR
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Ex.  Find the slopes of the tangent and normal to the curve x* +3xy +y* = 2 at (1,1).

Soln.  Givenequation ofcurveis x* +3xy + y* = 2
Differentiating it w.r.t. X, we get
3x +3xﬂ+3y+3y2d—y= 0
dx X
dy —(3x2 +3x) dy __(x2 +y)

dx (3y+3y?) i (x+y?)

dx () 2

. Slope of tangent at (1,1) = (d_yj =-1
dX i
and slope of normal at (1,1) = S
(o
dX )

Ex.  Find the point onthe curve y = x* —3x atwhich tangent is parllel to x- axis.
y

Soln.  Letthe point at which tangent is parallel to x- axis be P(x,, , ),
Then, it must lie on curve,

Therefore, we have y, = x* —3x,

Differentiating y = x* —3x W.r.t. X, we get

dx dx
Since, the tangent is parallel to x-axis

. (d—yj —0=3x2-3=0
(4:¥1)

ﬂ=3x2—3:(dy] =3x*-3
(x1:31)

dx

= x =%l

From Eqgs. (i) and (ii), we get

When x, =1, theny, =1-3=-2

When x, =-1, theny, =-1+3=2

.. Points at which tangent is parallel to x- axis. are (1,-2) and (-1,2)
Ex.  Findthe pointonthe curve y = x* — 2x* — x at which the tangent line is paralle to the line y = 3x — 2
Soln.  Let P(x,Y,) be the required point.

Thenwe have y, = X} - 2x7 - x, (i)

Differentiating the caurve y = x® — 2x2 — x W..tx, we get

ﬂ=3x2—4x—1:>(ﬂj =3x2—4x -1
dx dx (o)

Since, tangentat (x,, y, ) is parallel ton the line y =3x -2
. slope of the tangent at P(x , y,) = Slope of the line
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y =3x—2:>(d—yj =3
dX (%)

= 3% —4x, -1=3=3x" -4x,—4=0

= (%-2)(3%+2)=0=>x=2,-2/3 ...(ii)
From Eqgs. (i) and (ii), we get

When x, =2, then

Y, =8-8-2=y, =2
When x =-2/3,theny, =X’ —2x* —x,
-8 8 2 -14

= "= 93 T ATy

. . . 2 -14
Thus, the point at which tangent is parallel to y = 3x—2 are (2,~2) and (—§.7j

Maxima and Minima
Local maximum/Local Minimum
A point ¢ inthe interior of the domain of f is called

(a) Local maxima, if there existsan h > Osuch that f (c)> f (x)V xe(c—h,c+h).

The value f (c) is called the local maximum value of f.
(b) local minima, if there exists h > 0 such that

f(c)< f(x) Vxe(c—h,c+h)

The value f (c) is called the local minimum value of .
Absolute Maximum/Absolute Minimum

Afunction fis defined by [a,b] is said to be,
(a) absolutemaximumat x = c e[a,b]if f(x)< f(c) vxe[a,b]

(b) absolute minimumat x=d e[a,b]if f(x)> f(d) vxe[a,b]
Stationary points and Stationary values of a function

Definition: If f'(c)=0,then x = c is called a stationary point of f and f (c) is called stationay value of f.

Critical points and ciritical values of a function
Definition: Apointx = c suchthat either f'(c)doesnotexistor f'(c)=0 is called a critical point of f and
f (c) iscalled acritical value of f.
Second derivative Test : If f be a function defined onaninterval land c € I. Let f be twice differentiable at c. Then

() x=cisapointoflocal maximaif f'(c)=0and f"(c)<0. f(c) iscalled local maximum value.

(i) x=cisapointoflocal minimaif f'(c)=0and f"(c)>0.f(c)iscalled local minimum value.
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Ex.

Soln.

Ex.

Soln.

(ii)) The test faitsif f'(c)=0 and f"(c)=0.we backto first derivative test.

Base on the above discussion we can summarize things in a single graph as given below:

! T Global max.
F=0
% local max.
local max x %%s.  F does not exist
% ; %
L Ber g E ' '
Vi =0
: : local:min
- fi=0 : .y .Global
: local: min : v : min
0] a x Xz X3 Xg Xs b A
For the function y = x* —3x* + 3x +1, the point x =1 is
(@ minima (b) maxima (c) aninflectionpoint (d) None of these
y=x>—3x*+3x+1
Y 3 gx13 - 3(x* +2x+1) =3(x-1)°
dx
2 + +
9Y _6x-6 — =
dx 1 2D
Atx=1 @ 0 ay_ 0
T dx?

Signscheme of f(x)

f’(x) does not change its signat x =1

x =1 isaninflection point

Option (c) iscorrect
Atwhat points does the graph of y = 2x* — 6x*equally reacha maximum and a minimum
(@ (0,0) (maximum) and (2,8) (minimum) (b) (0,0) (maximum) and (2,-8) (minimum)
(©) (0,0) (maximum)and (3,-8) (minimum)  (d) (2,-8) (maximum)and (0,0) (minimum)

y =2x° - 6%

ﬂ: 6x* —12x =6x(x—2)
dx

d?y
dx?

=12x-12 =12(x~1)

for critical points dy 0=x=0,2

dx

rem

CAREER ENDEAVOLR,

&
N
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Ex.

Soln.

Chapter-4

d’y

At x=0= —3 <0 = local maxima
X

d?y .
and At X = Z’W >0 = local minima
Xx=0=y=0 = (0,0) (maximum)
x=2=y=-8 = (2,-8) (minimum)

option (b) is correct

Differentiation & Application of Derivatives 51

I
The function f (x) = nf(x) , hasa maximum at
(@ x=1 (b) x=In(2) () x=e (d) x=1/e
f(x)= In(x),x>0
X
1
f (X)_ 2 n X2 0 e +00
f'(x)=0=1-In(x)=0
=In(x)=1
= X=e
Signscheme for f(x)
f'is changing sign from + veto—ve atx =e
.. fhas local maximaatx=¢e
Option (c) iscorrect
The maximum value of the function f (x)= In(x) x>0 isequalto
X
0 b : 0
@ (b) e © 3 @
In(x)
f =
(x) ==
1
, X';—In(X)'l 1 In(X) : + : -
f (X): X2 = 2 0 e +00
f'(x)==1-In(x)=0

= X=€

Signsechme for f'(x)
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Ex.

Soln.

Ex.

Soln.

f’(x) is changing sign from +ve to—ve atx=e

= X = e is point of maxima
So, maximum value offatx =eis,
In(e) 1

f(e) - -

Option (c) iscorrect

df
Iffis continuous on [a, b]and = 0 forevery x e (a,b), thenfis

d
(@) strictly increasing function on [a, b] (b) strictly decreasing functionon [a,b]
(c) constant function on [a,b] (d) None of these
df

&:O Vxe(a,b):> f :kVXe(a,b)

where K is constant
= fisaconstant function on [a, b]
Correctoptionis(c)

Consider the function f (x) = Ax* — Bx?such thatA> 0 and B > 0. Which of the following statements are true ?

P : The function hasamaximaatx=0

Q : The function hasaminimaatx=0

R : Thevalue of the function is zero atx =0

S : Thevalue of the function is non-zero atx =0

(@ OnlyQandS (b) OnlyPandR () OnlyPandS (d) OnlyQandR

f(x)=Ax*-Bx*,A>0,B>0
f'(x) =4Ax* —2Bx
f"(x)=12Ax* - 2B

for critical points, f'(x)=0

— 4Ax}—2Bx=0
= x(4Ax2 —2B) =0

=x=0 or x? :ﬁzE
4A 2A

=Xx=0 orx==% /E
2A

f"(0)=-2B <0

f has local maximaatx=0




