DIFFERENTIAL EQUATIONS

Example: The set of concentric circles is defined by X%+ y2 =C is a one parameter family if c takes all
positive real values.

There will be n arbitary constants in n-parameter family of curves. Then, we can obtain n' order differential
equation whose solution is the given family.

Example 1: The differential equation of all circles passing through the origin and having their centres on they-

axIS
(a) (X*+y*)dy/dx = 2xy (b) (X2~ y? )y dx = 2xy
(©) dy/dx:2xy(x2+y2) (d) dy/dX=2xy(X2—y2)

Soln: Equation ofthe circle passing through the origin and having their centers on the y-axis will be ofthe form

X2 +(y-a)’ =a?

dy X X y
2x+2(y-a)-L=0=(y-a)=—————=a=
= 2x+2(y a)dx =(y-a) (dy/dx):a y+(dy/dx)
G X ? ¢ (0, a)
Therefore, x? +——=|y+ .
(dy/dx) (dy/dx) a
> X
= x% = y? 2Xy (Xz—yz)d—yzzxy

Correct option is (b)

Example 2: The function y =1In [sin (x+ a)] + b isthe solution of the following differential equation:

@)VZ‘P+W)1 ® y =y*~(y) @)fzpf(Yf} @y =y+y

S . — 1 dy_ dzy__ 2 _ 2
oln: y=In[sin(x+a)]+b :>d——cot(x+a):>—— cosec” (x+a)= [1+cot (x+a)}

X dx?

d?y dy )’
Therefore, e = {1 + (d_x)

Correct option is (a)
3.2 Differential Equations of the First Order and First Degree:

CASE I: Separation of Variables

Every Differential equation can be written in the form,
f(y)dy=¢Xdx = [fy)dy = [¢(x)dx +C
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Example 3: Solve ”'* =(x+1); given y=3at x=0

d
Soln: Taking log of both sides we get, d—i=|n(x+1) = dy =In(x+1)dx

onintegration, Idy = jl.ln (x+1)dx

= y:xln(x+1)—J‘(Xil)dx+C =X y:xln(x+1)—f%dx+c
(x+1)

dx +

1
(x+1) J‘(x+1)

= y=(x+1)In(x+1)-x+C

= y:xln(x+1)—J. dX+C = xIn(x+1)-x+In(x+1)+C

Giveniat x=0 y=3 = C=3
Therefore, y =(x+1)In(x+1)—x+3

. dy_ y [ % 2,.x°
Example 4: Solve &—e (e + X )

d X X - X X3 _ 3
Soln: = (e +x'e” ) [erdy=[(et +xe Jax = e e+ (U3)e +C
Example 5: Solve (x+ y)(dx—dy)=dx+dy

dy x+y-1
dx x+y+1

Soln: Re-writting the given equation, we get (x+y-1)dx=(x+y+1)dy =

d
Let Xx+y=V = d—iz(dv/dx)—l
Therfore the given equation becomes,

v, _v=1o 1 tdv 2y = [ 2dx = | 1+ L av
dx v+1 dx v+1 v

— 2x+c=v+Inv = -y+c=In(x+y)

dy 4x+6y+5

Example 6: Solve dx 3y +2x+ 4

Soln: The given equation may be re-written as dy _ 2(2x+3y)+5
| ’ ; g dx  (2x+3y)+4

dy _dv :ﬂ:;(d_v_zj
dx dx dx 3\dx
Therefore, the given equation becomes,

E(Q—ZJ—Z\HS - dv_ 3(2v+5)

3\ dx

Taking 2x+3y=v = 2+3

8v+23
vV+4 dx vV+4 v+4
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Soln:

1 23
dx v+4 _8(8V+23)+(4_8] l+ q q
~ dv 8v+23 8v+23 8 88v+23 = [ Ig ggv+23) '

9
= x+c:(%)+(%)Iog(16x+24y+23) = 3y—6X+(§jlog(16X+24y+23)=8c

= y—2X+ (gj log (16X +24y +23) = c' where c'(=8c/3) isanarbitrary constant.

Example 7: Solution of the differential equation % =sin(X+Yy)+cos(x+y)is
X

@ x+c=log 1+tan(%ﬂ (b) x+c:log 1- tan(xzy]

(c) x+c=1log 1+cot(izyﬂ (d) x+c=log|1- cot(xzyj

Putx+y_z:>1+dy E:dy E—1
dx dx dx dx

Hence, given differential equation can be written as,

Z . dz
d——1:3|nz+cosz :>J - zj.dX
dx 1+sinz+cosz

dz
:j >—=X+C
2tanZ  1-tan®Z
1+ 2;+ 7,
l+tan”Z 1+tan®?
2 2
sec” 2dz sec” Zdz
j 2 2 XAC :>j—2 F

1+tan®Z+2tanZ+1-tan 2 1+2tan2

Putl+ 2tan L=t — 2xse02££:dt
2 2 2

I%zxm = log(t) = x+¢ = x+c=log {1+2tan(%ﬂ.

Correct option is (a).

Example 8: Which of the following statement(s) about the solution y(x) of the differential equation

1

dy
=1liscorrect (with y(0) =0
3z (with y(0)=0)

3
(@ y(x) isgivenby %—3x




