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Gradient, Divergence & Curl

GRADIENT, DIVERGENCEAND CURL:

Del operator :-- Del operator, written as V, is defined as

This operator is also known as ‘nabla’.
Gradient :-Let ¢defines a differentiable scalar field, then gradient of gwrittenas V¢ or grad ¢, is defined by

0 =20 ¢ 8¢ A8¢
Vo=|1—+ |j— =
$= (I 6X+Jay ]¢ ay 674
Note :(i) V¢ defines a vector field.

o 00
(||)v¢_z|ax

Exp.1. If ¢ = 3x*y ,thenfind gradiant of ¢.

(52,59 k9 (3ey) =i 2 (3x° j i-2 (axty)+ K2 (3¢

Soln. V= (uaﬂa—yng(gx y) '(ax( <) |+ 55 (3y) +R = (3x)
=i (6xy)+ j(3x*) +k(0)=6xy{ +3% ]

Result: If$(x,y,z)=c,thenVd(x,y,z) isnormalto the surface ¢(x,y,z) =c at the point (x, y, 2).

Ex.2. Ifxyz=1. Then find the normal at point (1,1,1) to the given surface.
Soln. Given,xyz=1
= Xxyz-1=0
Let ¢(x,y,z)=xyz-1

o(xyz-1) e o(xyz-1) N o(xyz-1)

. Vo=V(xyz-1) = ax Py =

= yzi +X2) + XyK :>V¢|(1,1,1) =i+]+k
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Ex.3. Find the point at which the gradient of the function f (X y)= In(x+;] is equal to i j

Slon. gradf_ﬂ|+ﬁj+ilz
x oyl

1
1 -y - . s~ 16« . .
-l Yo L g By v
X+=  x+-  xy+1 y(xy+1) 9 xy+1  y(xy+1)
y y
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Ex.4:

Soln.

Ex.5:

Soln.

By compairing,
116
xy+1 and y(xy+1) 9
L., ..8
y> 9 =YY=
When, y = 3/4

3 3
=l+xy=>—=1+—X=>X=—=
y y 2 2

Wh ___3
en! y_ 4

-3 -3 7
XY+l=y=>—x+l=— = X=—
Y y 4 4 3

- U/ 0oL
Therefore points are 372 32

Find the points at which the modulus of the gradient of the function f (x, y) = (x2 + y2)3/2 is equal to 2.

We have,
f (x,y):(x2 +y2)3/2

a 2 23/2}\ a 2 23/2}\ 8 2 23/2}\ A A
=Vf = (x ;xy) I+ (x ;yy) j+ (x ;zy) k=3x(x2+y)1/2|+3y(x +y)1/2j

Given, |Vf|=2 :>\/9x2(x2+y2)+9y2(x2+y2) =2

:>,/9(x2+y2)2 =2=3(X° 4y =25 %2 +y? =2/3

Points on this circle.

If f(u,v)=0(uv),u=y(xy,z),v=5£(xY,2)
Show that,

o9

o
rad f =—
g ou

grad u + — grad V.

We have, f(u,v)=¢(u,v)

_of _op ou, dpov of 0 ou o9 ov of _op ou o ov

X ou ox ovox' oy ouar ov oy ™ e Tou oz ov ez

of o« of = of ~ 0 8u auA 8u 8¢ Ns OVa2 OVp
. grad f ——I+—j +—k = — j+—
ox oy~ oz ou ax 8y 82

o o

=——grad u+—=-gradv
aug oV 9
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Divergence: Let V deifines a differentiable vector field, Then divergence of V , written V-V ordivV , is

defined by
V-V = fi+ ]iHZ 0 -(V1f+V2]+V3I2)=%+%+%
OX oy oz ox oy oz
Note: (i) V.V 2V .V
(i) v.v =2 )
Ox
Exp.6: If & = xy?T + 2x%yz j — 3yz2k , then find the divergence of vector @
. 0 (. o O 2 0 2

Soln. V-a—&(xy )+5(2x yz)+g(—3yz )

=y> +2x°z2 - 6yz
Note: V -a isascalar function.

Curl: If V (x, y, z) is adifferentiable vector field then the curl or rotation of V , written vV xV , curl V or

rotation V' is defined by,

PR

Vol =[ T2 Lk LT+, jvik) =S 2 2
ox oy oz X oy oz

Vl V2 V3

oy oz oz oX ox oy
Note: (i) If Vxa =0« 3 ascalar field gsuchthat a =V¢.

. . .
(II)VXV:ZIX&(V)

Properties:

1. div(a+b)=diva+divb

2. curl

—

éiﬁ):curlaicurlﬁ

3. div(ua)=udiva+gradu-a, whereuisascalar point function or scalar field

4. curl(ua)=ucurld+(gradu)xa
5. div(éxﬁ):ﬁ-curlé—é-curlb
6. curl(axb)=adivb-bdiva+(b-v)a-(a-v)b

7. grad(é-ﬁ):éxcurl5+5><cur|§+(é-V)5+(5-V)a‘

8. Vx(V¢)=0 ie.thecurlofgradient of giszero.
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V-(Vxa)=0 i.e.divergence of curl of & is zero.
2
10. V- V¢——¢ —‘f+%=v2¢
Xt oy: oz
o> o° o
where V? = — + — + — isknown as laplacian operator.
ox*  oy* o7t
1. Vx(Vxa)=V(V-a)-Va
12. If V denote velocity of fluid, then if divV = 0= fluid is incompressible.
13. A vector field VV is said to be solenoidal ifdivV =0.

14. Avector field \V is said to be irrotational field if curl V =0. If curl V = 0, then its is called a rotational field.

Prove Property 3:

div(ua) =>i- —(ua) AR (u—+a%§]=2u(i-§j+2(%i-éj: udiva+a-gradu

Prove Property 4 :
Curl(ué)=2ix(§—x(ué)j le(a—l:(+ —j: ( jxé+u2ixg—i

=graduxa+ucurla
Prove Property 5:

div(axb) =b-curla-a-curlb

Prove div(axb)=>i- —(axb) i [—x5+a %]

= (curld)-b +4a-(-curlb) =b-curla —a-curlb
Rest do yourself

Exp.7: If F=xi+yj+ zk and r =|F|, then the value of div(r"F) is (BHU - 2014)
@ o () nr't () nr" d) (n+3)r"
Soln.  div(r"F) =V-(r"F)

:§<rnx>+§<rny>+a—i<rnz> {xmm Gere eyt Soor J{z e L)

L X
= xnr" 1?+ ynr"* ?,/ +znr’™ ; Zh3r S+ ny?r"? +nz’r"? +3r"

=nr" (x> +y* +2°)+3r"=nr" +3r" =(n+3)r"
y
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Exp.8: If ¥ is the position vector of the point (x, y,z) w.rt. origin, prove that v?f (r) = f”(mé f'(r)- Find
r

f(r) suchthat v?f(r)=0.

? o(o o(.,
Soln.  V?f(r) :Z%f(r):z‘&[&f(r)j:za_x(f (r).ﬂ

r

[ O Xy X (22 )X o FO Ly X
_Z{ : +rf(r)r+xf(r)[ rzj } Z{ - +r2f(r) rﬁ(f)}

300 =Lty = £+ 2 1)
r r r

Now, let us find f(r) suchthat vf(r)=0

a2 v 2, f'ir)__2
= f (r)+Ff(r)_O = f (r)_—Ff(r):>f,(r) ;

Integrating w.r.tr,

n c
=Inf'(r)=-2Inr+Inc = f'(r)-r’=c > f (r)=r—2

Again integrating we get,

f(r)=-S4+d
r

Directional Derivatives:
The partial derivatives f,(x,y) and f, (x,y) represent the rates of change of f (x, y) in directions parallel

to the x-axis and y-axis respectively: In this section-we will discuss rates of change of f (x,y) in other
directions.

Definition: If f(x,y) isa function of x and y, and if G =u,i +u,] is a unit vector, then the directional

derivative of f in the direction of u at (x,,Y,) is denoted by D, f (x,,Y,) and is defined by
D, f (X, Y,) = %[ f (X, +su,, Y, +su,)]._, provided the derivative exists

f(x,+uh, x, +u,h) -
h

or D, f(x,y,)= Ihing F (% %) , provided the derivative exists




