Chapter 3

WORK, ENERGY & POWER

Conservative force: A force is said to be conservative if curl of the force is zero.

i.e.if VxE =0 then, F is conservative force.
Work done by a conservative force is independent of path followed and work done along a closed path
is zero. Gravitational and electrostatic forces are conservative. Friction, viscous forces are not conservative.

Potential energy: For a single particle, potential energy is defined as the work needed to be them to bring
it to a particular point from a reference point. The reference point is usually taken at infinity. If a force field

F brings the particle from infinity to a particular point, then the potential energy is defined as:

U= —I F.drorU = —j Fdx (For one dimension )
Spring Force: When a spring is either stretched or compressed such that its length changes by x, then
restoring force or tension in the spring is (—kx) .

Spring potential energy: Particle attached to the spring is always attracted towards mean position.
Therefore, F = —kx

1
U=- j (—kx)dx = Ekx2

Gravitational potential energy for two particles:
We know that gravitational force between two. particles of masses m, and m, at separation r is always
attractive and is equal to

fooSmm oy Z_I(_Gn_z-%]drz_m
r

r? r

Work: It is defined as W =j|fa

where di is infinitesimal displacement of the object on which force is acting.
Power: It is defined as dot product of force and instantaneous velocity P = F.v

W
Average power is defined as total work done divided by total time (P) = N

Kinetic Energy: For a particle of mass ‘m’ and speed v, kinetic energy is defined as K =%mv2

2

In terms of momentum it is written as K = 2p_

m

Work-energy theorem: It states that total work done by all forces is equal to change in kinetic energy
of system.
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Conservation of mechanical energy: If only conservative forces are acting on a system then total
mechanical energy of system remains conserved. Therefore
E =E

initial final

or Ki+U;=K;+U; = U -U, =K, -K
Therefore, loss in potential energy = gain in kinetic energy (or vice versa).

SOLVED EXAMPLES

Soln.

Soln.

Soln.

A particle moves from point (1, -1, 2) to (2, 3, 5) when a force F =37 +5] +4k acts on it. Calculate

work done by the force.
The given force is constant. Therefore it is a conservative force. Therefore work done is independent of
path followed.

w =jlf.dr =_[Fx.dx+j Fydy+_[ Fdz = j'3dx+j'5dy+j'5dz
1 -1 2

=3(2-1) +5@3 + 1) + 505 - 2) = 38 Joule

A block of mass m is lying on a wedge as shown in figure. The block does not slide on the wedge while
the wedge moves horizontally with uniform speed.

Calculate work done by normal reaction on the
block during the time wedge moves by a
distance S in horizontal direction.

From the figure shown we find that N = mg cos©
and angle between N and direction of displacement is 90— @ . Therefore work done by normal reaction
is,

W =jﬁ.dr = N.jdf:l\]s

£,90-0
\ {Fp-----> direction of
=N Scos(90—-6) =mg cos0.Ssin0 “a 2 displacement

=mg Ssin6.cosO

S,
N g

Two third length of a thin metallic chain of mass per unit length A is held on a smooth table and remaining
hanging off from its edge. If the chain is released what will be its speed at the moment the chain completely
slips off the table.

There is no dissipative force acting on the system.

Therefore total energy of the system remains conserved. Therefore
we will use conservation of energy to find speed. Let us take potential
energy to be zero at level of table top. Initially centre of mass of
hanging part is L/6 below the table top and finally centre of mass
of whole chain is L/2 below the table top. Therefore,

ALY (L AgL? L AgL?
U . =—== === U. =—(AL)al=|=-
initial (3 )Q[Gj 18 y final ( )9(2] 2

1
Keinal = E(M‘)Vz

initial 0,
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Soln.

Soln.

From conservation of energy K i +Uiniiar = Kt +U fina

Agl?) 1 [ agl? 8gL
0+| - =—(AL)v +| - = ===
( 18 ] oMb [ 2 ) =V

A small object is released at the top of a smooth fixed sphere due to which it slides on the sphere for some
time and then breaks off (leaves) the sphere. Calculate the angle with upward vertical at the position where
object leaves the sphere.

Let the angle with upward vertical is ¢ . Therefore height descended by object from its initial position.
h=R(l-cos0) 2Vv=0 aN=0

from conservation of energy Xy
loss in potential energy = gain in Kinetic energy

.:[...
S

mgR(1-cos0) = %mv2

. v> =2Rg(1-cos0) .. (a)
At the moment of leaving the sphere the object is still moving on circular path of radius R and the normal
force becomes zero. Therefore,

mv? mv?
Net force toward centre = R or mgcos6 =

or v®=RgcosH ... (b)

from (a) and (b) we get cosO =§ or 0= coslg

A block of mass m attached to a light spring of spring constant k lies in on a smooth horizontal plane as
shown in figure. A horizontal force F is applied to the block. )

Calculate maximum speed of the block. mwm F
Also calculate maximum elongation in spring.
When force is applied, the block accelerates for some time then it decelerates. Therefore acceleration of
block is initially positive, then it momentarily becomes zero and finally becomes negative till the block stops.
Speed of block is maximum at the instant when its acceleration is zero.

F
a=0=>F=0 - F—kx=0:>x=?

X

F
Thus speed is maximum when elongation in spring is equal to M

To find maximum speed let us use work energy theorem.
Total work done = change in kinetic energy
F/k F/k

1 1
spring T Weoree = ~mvZ-0 or ! kxdx cos180° + _([ Fdx = Emv

F2 F? 1 _, F?
——+—=—mV°" or V=,—
2k k2 mk
Let x, be the maximum elongation

When elongation becomes maximum the block again comes to rest.
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Soln.

Soln.

Therefore from work energy theorem we get,

X Xg
WSpring +WF0rce =0-0, I kxdx cos180° + I Fdx=0
0 0
1 2F
—EkX§+FX0 =O, XO :T

Force acting on a particle of mass 2kg varies with distance as shown in the figure. If speed of the particle
at S = 0m be 5 m/s, calculate its speed at S = 20 m.

F(N)

Total work done
= area OABCO - area CEDC

1 1
= 10><5+§ x10x5 — §x10x10 =75 - 50 = 25 Joule

Work energy theorem
Total work done = change in K.E.

25=£mv22 —Emvf =£><2><V22—1><2><25
2 2 2 2
V=50 =v,=5/2 mis

A block of mass m stays at rest on an inclined plane inside a car which is moving with constant acceleration
a,. Calculate work done by friction on block as the car moves by a distance x.

Free body diagram of block in the frame of the car is shown infigure.
Block is in equilibrium. mn a,
. Along the plane

f. + ma, cos® =mgsin6

or f, =m(gsin6-—a, cos0)
As the car moves through a distance ‘x’,

the block also moves the same distance.
. Work done by friction .

=f.x =f, xcos(n-0)

=—f xcos® =-mx(gsin6—a,cos6)cosO

A block of mass M is attached to one end of a spring of mass m and force constant K. The other end
of spring is attached to a wall and the block lies on a smooth horizontal surface. The block is compressed

against the spring through a distance x, and released. Calculate the speed of the block when it passes
through the mean position.




(o4
Work, Energy & Power

Soln.  Let the spring is uniformly stretched
. displacement of an element x
which is at a distance x from the fixed end is

= X—E X; L is present length of spring.
Therefore, if v be the speed of block at an instant then velocity of element dx.

=—X

2
1(m \Y;
. K.EE. of element = —+| —dx |-| —X
ot stement = 1M 1+

“1(m v V1
. ing= [=] —=dx |-| =x| ==mv®
. K.E. of spring QZ(L ](L ] 6
Now, let v, be the speed of block when it passes through the origin.

1 1 1
. From conservation of energy we get, —Kx; = > Mv; +E mv;

2
3K

9. Aman is drawing water from a well with a bucket which leaks uniformly. The bucket when full weights 20 kg
and when it arrives to the top only half the water remains. The depth of the surface of water is 20 meters. Ifg
=10 m/sec?, what is the work done in lifting it up ?

Soln.  When the bucket arrives at the top, the mass is 10 kg. Hence loss in mass = 20 — 10 = 10 kg. The depth of the
well is 20 meters.

Therefore, mass lost per unit distance = % =% kg.

Consider a point at a height x from the bottom of the well, (i.e., water surface)

At height x from the bottom, the bucket weight = (20 —gj kg. The work done against the force during el-

ementary displacement dx is dW = (20 - g] dx-g

Therefore, total workdone

20 X 20 1 0 X2 20
W=|[|20-=|gdx= 20dx—=xdx |= 20V —3—
[[20-3 Jooxef [ zo0x-Gran ol -

0

— 9[400-100] =300 g = 300x10 = 3000 J.

10.  Abody of mass mis thrown atanangle o to the horizontal with an initial velocity v, . Find the mean power
delivered by gravity over the whole time of motion of the body and the instantaneous power of gravity as a
function of time.

Soln.  We know that P

instan.

=F.V

The velocity of the particle after time t is given by V = v, cosai + (v, sina—gt) j and F =—mg j.




