CAREER ENDEAVOUR
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CSIR-NET — MATHEMATICAL SCIENCES

DEC. 2024
PART - B (Mathematical Sciences)
UNIT-1
1. Let U,,U,,...,Us be5urnssuchthaturn U, contains 2k + k? balls, out of which 2k are white balls and k*

are black balls, k =1, 2,..., 5. Anurn s selected with probability of selecting urn U, being proportional to

(k + 2) . Aballis chosen randomly from the selected urn. Then, the probability that the urn U was selected,
given that the ball drawn is white, is equal to

3 2 1 3
@ 3 (®) 5 © 3 ©@ 7
Correct optioniis (c)

2. What is the number of injective functionsfrom {1, 2,..., 7} to {1, 2,...,10}?
10! 10!
7 | i 10
@ 10 (0) = © 3 @ 7

Correct optioniis (c)

3. Let S denote the set of all solutions of the Euler-Lagrange equation of the variational problem:
. 1.2 "2
minimize J[y]:J.O(y +(y')7) dx,

subject to y(0) =0, y(1) =0, _[: y2dx =1.

Then the set {(b Gj Pe S} isequal to

@ {-v2,42} (b) {%:kez, kiO}

©) {\/%:keN} @ {-v2,0,v2

Correct optionis (d)

3 For a variable x, consider the R - vector space V = {ao + X+ azxz‘al, a,,a5 € R} .LetT:V >V be
the linear transformationdefined by T (f) = f + j—f , Where j—f denotes the derivative of f with respect to
X X

X. Which of the following statements is true ?
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(@) (T3 -3T2%+3T)%°(x)=x (b) (T3 =372 +3T)2°(x)=x+1

(€) (T3 —3T2+3T)?%%(x) =2025!x (d) (T3 =372 +3T)%%(x)=2025!x +1
Correct optionis (a)

Let V be the R - vector space of 5 x 5 real matrices. Let S ={AB — BA| A, BV} and W denote the

subspace of V spanned by S. Let T :V — R be the linear transformation mapping a matrix A to its trace.
Which of the following statements is true ?

(@ W =ker(T) (b) W < ker(T) () Wnker(T)cW (d) W nker(T)cker(T)
Correct optionis (a)

Let P be the population proportion of units possessing a certain attribute in a population of N units. Let p be the
sample proportion ina simple random sample (without replacement) of n units, (2<n < N). Thenan unbi-
ased estimator of P(L— P) is:

( ) (N—n) (N —n)n
(N—Dn pPA=p) (c) T _1) pl-p) () N(_D)

(@) pLl-p) (b) pPL-p)

Correct optlon is(d)

Let D ={z=x+IiyeC:|z|<1} be the open unit disc and f :D— C a holomorphic function such that

8(// o

f(0)=0. Letu//(z)—|f(z)| and —-- 6yw 0. Which of the following statements is FALSE ?

(@ f canbeextendedto C asan entire function.

(b) f must have infinitely many zerosin ID.

(c) f isnota polynomial.

(d) exp(f) cannot take every complex value.

Correct optionis (c)

We say that a group G has property (A) if every non-trivial homomorphism from G to any group is injective.
Which of the groups has property (A) ?

(@ The cyclic group of order 6. (b) The symmetricgroup S .

(c) Thealternating group A;. (d) The dihedral group with ten elements.

Correct optioniis (c)

For integers n>1, let G(n) denote the number of groups of order n, up to isomorphism, i.e. G(n) is the
number of isomorphism classes of groups of order n. Which of the following statements is true ?

(@ If G(n) =1, thenn s prime.

(b) G(8)=2

(c) If ged(n, ¢(n)) >1,then G(n) >1. (Here, ¢ denotesthe Euler ¢ -function)
(d) limsup,_,.,G(n)=2

Correct optioniis (c)
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10.

11.

12.

13.

14.

o axd
Ilmjj J 2 ndx1 .dx, equals
n—o0 0 X +-

1 2
@1 ) 5 (© 2 @ 3
Correct optionis (d)

Which of the following statements is true ?

27
(@ {m+ne 3

m,ne Z} is a dense subset of C.

(b) Open connected subsets of R* need not be path connected.

(c) Let X be atopological space and p: X — R a continuous surjective open map. If p'{a}) iscon-
nected for every o € R, then X must be connected.

(d) Compact subsets of any infinite topological space are closed.
Correct optioniis (c)

Let X, Y and Z be random variables such that

S—XY W, (10,
[ Y )wion

where W, denotes the Wishart distribution and
1 1
2

1

N |-

2
Define T =Z - YY Then, Var (T) equals

77 81 83 79
(@) 3 (b) ) (© 9 (d) -

Correct optionis (b)
Let X;, X,,..., X, (n>2) be arandom sample froma gamma distribution with shape parameter « >0 and
scale parameter 8 =1. For a suitable constant C, the rejection region of the most powerful test for testing

Hy :a =1 against H, 1 =2 isofthe form

@ [T, x>C X' x>Cc ©[[.%<C @ >  X<C
Correct optionis (...

Two blocks of equal mass m are connected by a flexible inelastic cord of mass M. One block is placed on a
smooth horizontal table, the other block hangs over the edge. The total potential energy of the entire cord is

given by — Ig x? , where x is the distance of the hanging block from the edge of the table, | is the length of the

cord, and g is the gravitational acceleration. Then,
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15.

16.

17.

18.

;| ml+Mx

(@ & . _ | MI+mx
g 2m+ M

(b) X

_ © X:ng+Mx (d)x,:gml+Mx
g m+M | m+M | 2m+ M

Correct optionis (d)

Consider the sequences (a,),s; and (b, )., defined by:

a
a, = and b, ="+

an

Which of the following statements is true ?
(@) Foreach x e R, thereexistsannsuchthat a, > x.

(b) Foreach x e R, thereexistsannsuchthat a, < x.
(c) Foreach x e R, thereexists an n such that b, > X.

(d) Foreach x e R, thereexists ann suchthat b, < x.
Correct optionis (a)

In an examination question paper, all questions are “True’ or ‘False’ type. These are arranged in such away that
three fourth of times a question with answer “True’ is followed by a question with answer “True’. Ako two-third
of times a question with answer “False’ is followed by a question with answer ‘False’. If the question paper has
100 questions, the approximate probability that the correct answer of the 100" question is “True’, is:

3 4 3 5
@ - () 7 © 7 @ 3
Correct optionis (b)

Let 2 e R, and K :[0,1] x[0,1] — R be a function such that every solution of the boundary value problem:

2

d?u . du v du oy _
d7(x)+lu(x)—0, dX(O)—U(O)’ dx(l) 0

satisfies the integral equation, u(x) + 4 j; K(x, t)u(t)dt =0

Then,
{(1+x)(1—t), 0<x<t<1, {—1—x, 0<x<t<l,
@ K(xt)= (b) K(x )=
@+t)(@-x), 0<t<x<1 -1-t, 0<t<x<1
{1—x2, 0<x<t<l, {(1+x)(t—1), 0<x<t<l,
© Kx1t)= d) K(x,t)=
1-t?, 0<t<x<1 1+1) (x-1), 0<t<x<1

Correct optionis (b)

Forintegers m,n>1, let 1, = L[ "2 dz, where Cisthe circle {zeC:|z|=1} oriented counter-

271 °C
clockwise. Which of the following statements is true ?
@ lp,=Lif m=n () In,=Lif m+l=n
© lpn=Lifm=n+1 @d I, =Lif m=n+2

Correct optionis (b)
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)

19.

20.

21.

22,

23.

Let f:[0,1]— R be defined by f(x)=sin(x?).Let A= Iim(

n—oo

. k 1 .
E:f(—q-—nf fOde].VWﬂchofﬂw
k= \N 0

following statements is true ?

@ A=0 (b) A=1 © A:% @ A:sin(%]
Correct optioniis (c)
. [F)-T)| _ . .
Let f :R— R be such that sup ﬁ =L,wherel<L<o.Let h:R — R be a differentiable
X#Y X—= y

function satisfying |h'(x)| s% forall xe R.For o >0, define g(x) = f (x) + h(x) for x e R. Consider

the sequence {X,},_, defined by X,; =g(x), k=0,1,..., where x,  R. The sequence {X,}, , con-

0

verges to the solution of the equation x = g(x) if

@) a<t (b) a< €) a<4L (d) a<t
3L 2L 4L

Correct optionis (d)

Let v =(a, b, c) € R® beanon-zero vector that lies in the orthogonal complement (with respect to the stan-
dard inner product) of the row-space of the matrix:

2 2 7
A:
31 4

Ifa, b, care all integers, then what is the smallest possible value of |a +b+ c| ?
@ 5 (b) 10 (c) 15 (d) 20
Correct optionis (b)

Let C[x, y] be the polynomial ring in two variables over C. For which of the following ideals I, the quotient

ring C[x, y]/1 isNOT an integral domain ?

@ 1=(xy) B 1=(x+y) © 1=(+y) (@ I=(xy-1)
Correct optioniis (c)

Let u =u(x,t) bea solution of the wave equation:

%—2272:0, xeR,t>0
satisfying the condition u(0, t) = 0, ¥ t > 0. Thenwhich of the following statements istrue ?
(@ u(x,t)=0,whenever x =t (b) u(x,t)=0,whenever Xx=—t
(©) u(=x,t)=u(x,t),whenever x>0,t>0 (d) u(-x,t)=-u(x,t) whenever 0 < x<t

Correct optionis (d)
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Cs)

24,

25.

26.

27,

28.

29.

0 a 0
Let A=|0 O b/, wherea, b, care real numbers with abc =1. If B= A+ A% + A% then which of the
c 0O

following statements is true ?
(a) detB=1 (b) detA=0 (c) rank(B)=2 (d) rank (B?)=1
Correct optionis (d)

Stats. Question ..................
Correct optionis ()

Stats. Question ..................

Correct optionis ()

Suppose that the differential equation:
d®y dy
— +P(X)—=+e”y=0, xeR
dx? ) dx - =

transforms into a second order differential equation with constant coefficients under the change of independent

variable given by s = s(x) satisfying j_)s( (0) =1. Then which of the following statements is true ?

(@) e *(P(x)+1)isaconstant functionon R. (b) e “P(x) isaconstant functionon R.

er

2
Correct optionis (a)

© s(®)=

, XeR (d) P(x)>las x>

Consider the bilinear form B:R* xR* - R defined by B(X, ¥) = X, Y5 + X, Y, — X3 ¥; — X, Y,, Where
X = (X, Xy, X3, %,) and y = (¥;, ¥, ¥as ¥a) in R*. Let A denote the matrix of B with respect to the standard
ordered basis of R*. Which of the following statements is true ?

(@) detA=0

(b) detA=-1

(©) B(x, x) =0 forallnon-zero x € R*

(d) If x e R* is non-zero, then there exists y € R* suchthat B(x, y) =0
Correct optionis (d)
Consider the power series:

n2

0 n 0

X
2
n=1(n+1)"

with coefficients in real numbers R. Which of the following statements is true ?
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30.

31.

32.

33.

(@) The radius of convergence of the series is 1 :
e

(b) The seriesconvergesat x =5.

(c) The seriesconvergesat x =3.

(d) The series converges for all xwith |x| < % :

Correct optionis (d)

Stats. Question ..................
Correct optionis ()

Giventhat y;(X) =& is asolution of the ordinary differential equation (ODE)
2
xd—z—(3+4x)d—y+(4x+6)y:0, x> 0.
dx dx

2 2
Let y, = y,(x) be the solution of the ODE satisfying the conditions Y, (1) = %, %(2 @ = 3%. Thenwhich

of the following statements is true ?

(@) vy, isastrictly increasing functionon (0, «) .
(b) e?*y,(x) »>1as x — o

(c) vy, isastrictly decreasing function on (0, o)
(d) e?*y,(x) >0as x -

Correct optionis (a)

Let f :C — C bethe function defined by:
f (Z) — e(COS(1+i))SinZ

For z=x+iyeC, write f(z) as u(x, y) +iv(x, y), where u, v are real-valued functions. Which of the

following is the value of Z—u (0,0) ?
X

(8 0 (b) (e+%]%31 © (e—%)%ﬂ @ 1

Correct optionis (b)

Let u=u(x, y) bethe solution of the Cauchy problem:

xg—u+y%ZU,(X,y)¢(0,o); u(x2) =1+ %%, xeR
X

Then which of the following statements is true ?
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34.

35.

36.

() u(,0)=0
(0) u(xy, Y1) =u(x,, y,) whenever x2 + y2 = x2 + y2
© u@y)=+2forallyeR

(d) u(x, y1) =u(Xy, y,) whenever x, +y, =X, +Y,

Correct optionis (b)

Let H={z=x+iyeC|y>0}and f :H — C beanon-constant holomorphic function satisfying | f (z)| <1

forall z € H . Which of the following statements is true ?
@) ylirpw f'ly) =0

(b) ylirpw f'(iy) isacomplex number with absolute value 1
() y'iTJ f'(iy)| = +o0

(d) ylirpw f'(iy) is not areal number

Correct optionis (a)

Forintegers n>0, let f, :[-1, 0] > R be defined by

Which of the following statements is true about the series »” f, 2
n=0

(@) The series is neither absolutely convergent nor uniformly convergent.
(b) The series is both absolutely convergent and uniformly convergent.
(c) The series is absolutely convergent but not uniformly convergent.

(d) The series is uniformly convergent but not absolutely convergent.
Correct optioniis (c)

Let U denote the span of {e', e*, e} in the real vector space of continuous functions from R to R . Con-
sider the R - vector spaces
V ={f:U > R| f is an R-linear transformation}

W ={f eV |f()=0}

Which of the following statement is true ?

(@ BothV and W are infinite-dimensional. (b) dimV=3and dimW = 1.

(c) dimV=3anddimW = 2. (d) Visinfinite-dimensional and dimW = 0.
Correct optioniis (c)
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)

37.

38.

39.

40.

Stats. Question ..................
Correct optionis ()

Suppose that X ~ binomial (9, 8),0.7<6 <1,and Y ~Poisson (1), A >0.1f 3E(Y) = E(X), thenwhich
of the following is true ?

(@ Var(X)>3Var(Y) (b) 2Vvar(Y)<Var(X)<3Var(Y)

() Var(Y)<Var(X)<2Var(Y) (d) Var(X)<Var(Y)

Correct option is (d)

Let A, B and C be sets. Which of the following sets is equalto A\(B\C) ?

(@ A\B (b) (A\B)uC () A\(BuC) (d) (A\B)U(ANC)
Correct optionis (d)

Stats. Question ..................
Correct optionis ()

PART - B (Mathematical Sciences)

1.

Letdisc D={zeC:|z]<1} and f be aholomorphic functionon I suchthatthe function g(z) =e"* f (z)
on D\{0} is bounded. Which of the following statements are true ?

(@ fO)=0

(b) f(z)=0forall zeD

(c) There exists a nonzero constant ¢ suchthat f (z) = ce Y% for all z e D\ {0}

(d) There exists a nonzero constant ¢ and a positive integer nsuchthat f (z) =cz"e Y* forall z < D\{0}
Correct options are (a), (b)

The integral equation u(x) = f (x) + Ve jo” sin (x—t)u(t)dt hasaunique solution if

T
(@ f(x)=cosx (b) f(x)=cos5x (c) f(x)=sinx (d) f(x)=sin5x
Correct options are (a), (b), (c), (d)

Let R be anonzero ring with unity such that r> = r forall r € R . Which of the following statements are true?

(@) Risnever integral domain. (b) r=-r forallreR.

(c) Everynonzero prime ideal of R ismaximal (d) R must be a commutative ring
Correct options are (b), (c), (d)

Consider X ={u|u:[0,1] —> R is continuous and u(0) =03} with the sup norm [|u[= sup |u(x)|. Let
x€[0,1]

T(u)= J';u(t) dtand S = {[T(u)|:u e X, |u| <1}. Which of the following statements are true ?
(@) Sisanunbounded subset of R.

(b) Sisabounded subset of R and sup (S) =1.

(c) Thereexists ue X suchthat |u|=1and T (u)=1.
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(d) Sisaclosed subset of R.
Correct optionis (b)

For a variable x, consider the Q -vector space V = {ax3 +bx?+cx+d]a,b,c,de @} .

Further, let A={f:V — Q| f is a Q-linear transformation}, and B={f e A| f (1) =0}

Which of the following statements are true ?
(@ If f eB,thendimker f =3

(b) dmB =3
(c) dmA=4
(d) If f € A,thentheimage of f isaone-dimensional Q -vector space.

Correct optionsare (b), (c)

Define atopology 7 on R as follows a subset U of R is in the topology z ifandonly if U =¢ or 0 €U .
Which of the following statements are true ?

(@) The setofallirrational numbersisdensein (R, 7).
(b) For each prime number p, the set {0, \/B} isdensein (R, 7).

(c) [0, 1] iscompactin (R, 7).
(d) (R, ) isHausdorff.
Correct optionis (b)

Consider the Markov chain with state space {0, 1, 2} and the transition probability matrix P given by:

1 1
022
=3 1
I:)_404
3 1
440

Let P(M = (( Pign) )) denote the n-step transition probability matrix. Then, which of the following statements

are true ?
3
a) P =2
@) o' =7
39
b) BY =2
R Y

(c) The stationary probability that the chain is in state 2 is %

(d) State 1 istransient
Correct options are (a), (b), (c)
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10.

11.

Consider the function f : R? — R defined by:

X2y "
F(x,y) = x4+y2+e . (x,y)#(0,0)

1  (xy)=(0,0)
Which of the following statements are true ?

(a) f isdifferentiable on R?\{(0, 0)}. (b) Allthe directional derivatives of f existat (0, 0).

(c) f isdifferentiable on RZ, (d) f isnotcontinuousat (0, 0).

Correct options are (a), (b), (d)

Consider the non-homogeneous ordinary differential equation (ODE)
d’y  .dy S
—+5—=+6y=sin(e™"), x>0
oz ok Y )

Then which of the following statements are true ?
(@) Everysolutionofthe ODE isbounded on (0, ).

(b) There exists a solution of the ODE which is unbounded on (0, ) .

(c) Everysolution of the ODE is unbounded on (0, o) .
(d) Everysolution ofthe ODE tends to zero as x — oo.
Correct options are (a), (d)

Let f e R[x] be a product of distinct monic irreducible polynomials B, P,, ..., P,, where n> 2. Let (f)
denote the ideal generated by f inthe ring R[x]. Which of the following statements are true ?

(@ R[x]/(f) isafield.

(b) R[x]/(f) isafinite dimensional R - vector space.

(c) R[x]/(f) isadirect sumoffields, each of which isisomorphicto R or C.

(d) There are no non-zero elements a € R[x]/(f) suchthat u™ =0 for some m>1.

Correct options are (b), (c), (d)

Define S = {y eC'-11:y(-)=-1, y() = 3} . Let ¢ be the extremal of the functional J : S — R given

by J[y]=ﬁ1[(y’)3 + (y')z]dx . Define ||y|_ = max |y(x)| forevery y e S and let

xe[-1,1]

B, (¢, ) = {y eS:|y-¢|, < g}, B,(¢, ) = {y eS:|y-¢|, < g}
Then which of the following statements are true ?
(@ o(x)=2x+1forevery xe[-1,1]

(b) There exists & > 0 suchthat J[y] > J[¢] forevery y e By(4, €).
(c) There exists ¢ >0 suchthat J[y] > J[¢] forevery y € B,(¢, &) .

(d) There exists ¢ >0 suchthat J[y] < J[¢] forevery y € B,(¢, &) .
Correct options are (a), (¢)
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12.

13.

14.

15.

16.

Agroup G is said to be divisible if for every y e G and for every positive integer n, there exists x e G such
that X" =y . Which of the following groups are divisible ?

(@ Q withordinary addition. (b) C\{0} withordinary multiplication.

(c) The cyclic group of order 5. (d) The symmetricgroup S .

Correct options are (a), (b)

Let f(x) be the polynomial of degree at most 2 that interpolates the data (-1, 2), (0,1) and (1, 2) . If g(x)
is a polynomial of degree at most 3 such that f (x) + g(x) interpolates the data (-1, 2), (0,1), (1, 2) and
(2,17),then

@ f()+9@)=50 (b) 2f(5)-9(3)=4 (©) fW)+9@) =50 (d) f(5)+9(3)=74

Correct options are (b), (c), (d)

Consider the system of two particles with total kinetic energy T = % X2 + 126% + 2I%6 cos @, and Lagrangian

L :g x> + 1202 + 2Ix6 cos 0 + 2gl cos @, where x, @ are generalized coordinates, and g, | are positive

constants. Then the non-zero frequency of the normal mode of the system with small oscillation (|6] < 1) is:

@ g\f% (b) \/53:? © g\f% @ \/%

Correct optionis (b)

Let Vbethe R - vector space of real valued continuous functions on the interval [0, 7] with the inner product

givenby (f, g) = J;T f(x)g(x)dx. Let S = {sin (), cos (x), sin?(x), cos? (x)} and W be the subspace of V

generated by S. Which of the following statements are true ?
(@ Sisan basisof W.
(b) Sisanorthonormal basis of W.

(c) Thereexist f,ge S suchthat (f,g)=0.

(d) S contains an orthonormal basis of W.
Correct options are (a), ()

Let P(z) be anon-constant polynomial over C. Given R >0, let Sg = {z e C:|P(z2)| < R}.Which of the
following statements are true ?

(@) Sg isanopen subset of C.
(b) Sg isabounded subset of C.
() |P(z)|=R foreveryzonthe boundary of Sg.

(d) Every connected component of S, containsa zero of P(z).
Correct options are (a), (b), (c), (d)
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17.

18.

19.

20.

21.

For a positive real number a, Ja, denotes the positive square root of a. Consider the function f : R? > R
defined by :

Xy x=0
F(x y) =11
0 ; x=0
Which of the following statements are true ?
. . . . of of .
(@ f iscontinuousat (0, 0). (b) The partial derivatives x and 5 exist at (0, 0).
X

(c) f isdifferentiableat (0, 0). (d) f isnotdifferentiable at (0, 0).

Correct options are (a), (b), (d)
Stats. Question ..................
Correct optionis ()

If L€ Rand peR are suchthat the quadrature formula:
Xp+h
I f(x)dx = Ah(f(Xy) + f(X, +h)) + ph3(f "(Xo) + T"(x, +))
X0
is exact for all polynomials of degree as high as possible, then
(@) 24 +24p=0  (b) 7TA-12p=4 (€) 2A+24p=-3 (d) 7A-12p=11
Correct options are (a), (b)

Stats. Question ..................
Correct optionis ()

Consider maximizing the objective function
P=x +X,
subject to
X, + Xy +2X3 <5
2% —3%; 21
X, +X3<0
X =0, X, 20, X3 20.
Then, which of the following statements are true ?
(@ The optimal solutionis 4. (b) Anoptimal pointis (4, 1, 0).
(c) The optimal solution is 6. (d) (% 0, 0] isa corner point.

Correct optionis (d)
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22,

23.

24,

25.

Let X, and X, be random variables having absolutely continuous distribution functions. Let h; (t) denote the
hazard function of X,,i=1,2.If h (t) <h,(t) forall t e R, thenwhich of the following statements are true?
@ P(X;>D)=P(X,>1)

(b P(X;>D< P(X2 >%]

() E(X;)=E(X,) provided both the expectations exist

(d) h(t)=hy(t) +h,(t), t e R, isthe hazard function of the random variable Y = min{X,, X,}

Correct options are (a), (c)

ForbeRR,let y, =y, (x) betheunique solution of the initial value problem

%=y5+y“+y3+y2+y+1, y(0)=b

defined on its maximal interval of existence 1, . Then which of the following statements are true?

(@) Thereexistsan a € (0, ) such that for every b € R with b > « , the solution y, isbounded aboveon I, .
(b) There exists an a < (0, ) such that for every b e R with b > « , the solution y,, isbounded belowon I, .
(c) Thereexistsan a € (—, 0) suchthatforevery b € R with b < , the solution y,, isbounded aboveon I, .

(d) There exists an « € (—, 0) suchthatforevery b € R with b < e, the solution y,, isbounded belowon I, .
Correct optionsare (b), (c)

Let A, B, C be topological spaces such that A is homeomorphic to B, B is asubspace of C and B=C . Let
C be homeomorphic to a subspace W of A. Which of the following statements are FALSE ?

(a) Thespaces B, W, C are homeomorphic.

(b) The spaces B, W, C are homeomorphic.

(c) IfCiscompact, then A, B, C are homeomorphic.

(d) IfAis connected, then B and C are connected.
Correct options are (a), (b), (c)

If u isthe solution of the Volterra integral equation:

u(x) =3+sinx + on 21:2:

u(t) dt,

then

(@) u(%]:%”/z (b) u(r)=3e" (€) u(-n)=4e" (d) u(—%):%”

Correct options are (a), (b)
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26.

27.

28.

29.

Consider the polynomial f (x) = x*°%°

—1 over F;, where F; isthe field with five elements. Let S be the set
ofallroots of f inan algebraic closure ofthe field I . Which of the following statements are true ?

(@) Sisacyclic group.

(b) Shas ¢(2025) elements, where ¢ denotes the Euler ¢ -function.

(c) Shas ¢(2025) generates, where ¢ denotesthe Euler ¢ -function.

(d) Shas81elements.
Correct options are (a), (d)

For each positive integer n, define f, :[0,1] > R by f_(x) =nx(1 - x)". Which of the following statements
are true ?

(@ (f,),-; doesnot converge pointwise on [0, 1].
() (f,),-, converges pointwise to a continuous functionon [0, 1].
(©) (f,),; converges pointwise to a discontinuous functionon [0, 1].

(d) (f,),s; doesnot converge uniformlyon [0, 1].

Correct options are (b), (d)

00
Let A={1 O . Which of the following statements are true ?
01

o b O O
o O O -
O O O

(@) Both A and B are diagonalizable over R.

(b) Aisdiagonalizable over C but not over R.

(c) Neither A nor B is diagonalizable over R, but both A and B are diagonalizable over C.
(d) Neither A nor B isdiagonalizable over C.

Correct optionsare (b), (c)

Let (X,, X,) beabivariate normal random vector with E(X,) =1, E(X,) =0, Var (X,) =1, Var (X,) =1,

and correlation coefficient % . LetU bea U (0,1) random variable, which is independent of (X,, X,).

JUZ24+U +1

(@) Thedistribution of Z is symmetric about O.

If Z = , then which of the following statements are true ?

(b) E(z%)=2

(©) var(z?) =1
(d) Zand U are independent random variables.
Correct optionis (...
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30.

31.

32.

33.

For a4 x 4 positive definite real symmetric matrix A and real numbers a, b, c, d, consider the 5 x 5 matrix

Ola b c d
a

H=|b A
C

d

Which of the following statements are necessarily true ?
(@) det(B) > 0 foreverynon-zero (a,b, ¢, d) e R*.
(b) det(B) > 0 forinfinitely many (&, b, ¢, d) e R*.
(c) det(B)<0 forevery (a,b,c,d)eR".

(d) det(B) <0 forinfinitely many (&, b, ¢,d) e R*.
Correct optionsare (c), (d)

Let f : R — R beacontinuous function suchthat f (x) =0 forall x<0 andfor all x >1. Define,

F(x)= i f(x+n), xeR

N=—00

Which of the following statements are true ?
(@) Fisbounded. (b) Fiscontinuouson R.

(c) Fisuniformly continuouson R. (d) Fisnotuniformly continuous on R.
Correct options are (a), (b), (c)

If x=x(t), y = y(t) isthe solution of the initial value problem

dx 2t dy

—=Xx-4e7y, —=e"x-y, x(0)=1 y(@0)=1

ot Y & y,  x(0)=1 y(0)

then which of the following statements are true ?

(@ tIimt‘zx(t) y(t)=0 (b) x(@) =0, y(%)zo
© x(éjzo, y(1) =0 (@ limt2x() y(t) =2

Correct optionsare (c), (d)

For everyinteger n> 2, considera C - linear transformation T : C" — C" . Let V be a subspace of C" such
that T (V) <V . Which of the following statements are necessarily true ?

(@) There exists a subspace Wof C" suchthat C" =V +W andV nW ={0}
(b) There exists a subspace Wof C" suchthat TW) cW, C" =V +W andV nW ={0}

(c) Suppose that there exists a positive integer k such that T* is the identity map. Then there exists a subspace
Wof C" suchthat T(W)cW, C" =V +W and V "W ={0}.
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34.

35.

36.

37.

38.

39.

40.

41.

(d) Suppose that there exists a subspace W of C" such that TW)<cW, C" =V +W andV "W ={0}.

Then there exists a positive integer k such that T* is the identity map.
Correct options are (a), (c)

Stats. Question ..................
Correct optionis ()

Consider the function f : R — R defined by :

. (1 ]
xzsm(—j, if xz0
f(x)= X

0, if x=0
Which of the following statements are true ?
(@ Iirrg) f(x) exists (b) f iscontinuousat 0
X—>
(c) f isdifferentiableat0 (d) Iirr(1) f'(x) doesnot exist.
X—>

Correct options are (a), (b), (c), (d)

Stats. Question ..................
Correct optionis ()

For a variable x, consider the real vector space V = {ax3 +bx* +cx+d]a,b,c,de R} .Let D:V -V
be the linear transformation where D( f) is the derivative of f with respecttox,and M :V —V bethe
linear transformation M (f) = xD( f ). Which of the following statements are true ?

(@ DM =MD (b) D+ M isinvertible

(c) DMisinvertible (d) rank (DM ) =rank (MD)

Correct optionis (a)

Stats. Question ...................
Correct optionis ()

Stats. Question ..................
Correct optionis ()

Stats. Question ..................
Correct optionis ()

Let u =u(x,t) bethe solution of the initial-boundary value problem:

%U:Z%, (x,1) €(0,1) x (0, ),
u(x, 0)=4x(1-x), x[0,1],
u(0,t)=u(,t)=0,t>0
Then which of the following statements are true ?
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42.

43.

44,

45.

46.

(@ tIim u(x,t) =0 forall x e (0,1)
() u(x,t)=u@-x,t) forall xe(0,1),t>0

(©) J'; (u(x, 1))?dx isanon-increasing function oft.

(d) J';(u(x, t))2dx is a non-decreasing function oft.
Correct options are (a), (b), (c)
Let (a,)n>1, (0y)ns; @nd (c,),>; besequences given by:

a,=(-1)"@+e™"), b,=max{a,..., a,}, and ¢, =min{a,,...,a }.

Which of the following statements are true ?

(@ (a,),=; doesnot converge (b) limsupa, =limb,
n—o n—o
(¢) liminfa, =limc, (d) limb, =limc,
n—o0 n—o0 N—00 N—o

Correct optionis (a)

Let A, B be 2 x 2 matrices with real entries, and M = AB — BA. Let |, denote the 2 x 2 identity matrix.
Which of the following statements are necessarily true ?
(@) IfAand B are upper triangular, then M is diagonalizable over R.

(b) If Aand B are diagonalizable over R, then M is diagonalizable over R,
(c) If Aand B are diagonalizable over R, thenthere exists A € R suchthat M = A1,.
(d) Thereexists A € R suchthat M2 = Al,.

Correct optionis (d)

Let g:R — R be acontinuous function. Define f(x)=J:(x—t)g(t) dt, x e R. Which of the following

statements are true?
(@ f@O)=0 (b) f'(0) existsand f'(0) =0
(c) f"(0) existsand f"(0)=g(0) (d) f"(0) existsbut f”(0) = g(0)

Correct options are (a), (b), (c)

Let f:C\{~1,1} — C beaholomorphic function that does not take any value inthe set {z € C:|z-1| <1} .
Which of the following statements are true ?

(@ f isconstant. (b) f hasremovable singularities at—1 and 1.

(c) f isbounded. (d) f haseither polesor essential singularities at—1 and 1.
Correct options are (a), (b), (c)

Stats. Question ..................
Correct optionis ()
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48.

49.

50.

51.

52.

53.

54.

Forany b e R, let S(b) denote the set of all broken extremals with one corner of the variational problem:

Minimize J[y]= [ ()" = 3(y)*) o,

subject to y(0) =0, y(2) =b.
Then which of the following statements are true ?

(@ S(2) hasexactly two elements. (o) S (%) has exactly one element.

(€) S(2) isempty. d) s (%) has exactly two elements.

Correct optionsare (c), (d)

Stats. Question ..................
Correct optionis ()

Stats. Question ...................
Correct optionis ()

Let M, (R) denote the R - vector space of 2 x 2 matrices with real entries. Let

1 2 -1 0
A= and B =
(0 3] ( 1 5]

Define a linear transformation T : M, (R) — M, (R) by T(X) = AXB', where B' denotes the transpose of
the matrix B. Which of the following statements are true ?

(@) det(T)=225 (b) det(T)=-225 (c) Trace(T)=16  (d) Trace(T)=-16

Correct options are (a), ()

Stats. Question ..................
Correct optionis ()

Stats. Question ...................
Correct optionis ()

Stats. Question ..................
Correct optionis ()

Which of the following statements are true ?

2024
(@) Let x, y e R with x <y . Thenthere exists r e Q suchthat x <

<y.
e

(b) Let (a,),s, be asequence of positive real numbers. If there exists a positive real number L such that

. a
limsup—"— =L, then limsupa, <.

noe logn N

(c) The set of all finite subsets of Q is countably infinite.

(d) The set of continuous functions from R to the set {0, 1} is infinite.
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56.

57,

58.

59.

Correct options are (a), ()

Let f :[0,1] — R beamonotonic function. Which of the following statements are true ?
(@ f isRiemann integrable on [0, 1]

(b) The set ofdiscontinuities of f cannot a non-empty open set.

(c) f isalebesgue measurable function.

(d) f isaBorel measurable function.
Correct options are (a), (b), (c), (d)

Stats. Question ..................
Correct optionis ()

Which of the following statements are true ?
(@) The value of the Euler ¢ -function is even for all integers n > 3.

(b) Let G be afinite group and S a subset of G with |S| >%. Then {ab:a,beS}=G.

(c) The polynomial ring R[x;,..., X,] isa Euclidean domain for all integers n >1.

(d) The subset {f eC([0,1]): f G] = 0} ofthering C([0, 1]) of continuous functionsfrom [0, 1]to R is
a prime ideal.
Correct options are (a), (b), (d)

Let f :C — C beanentire function suchthat f (z) = f(iz) forall z e C . Which of the following statements
are true ?

(@ f(z)=f(-2) forall zeC.
(b) f'(0)=f"(0)=f"(0)=0.
(c) Thereisanentire function g :C — C suchthat f(z) = g(z*) forall zeC.

(d) f isnecessarilya constant function.
Correct options are (a), (b), (c)

Let u =u(x, y) bethe solution of the boundary value problem:

2 2
271214_;_1;:0’ (x, ¥)€(0,1)x(0,2),

u(x, 0) =€, u(x,1) =-e"*, xe[0,1],

u(0, y)=cos(zy) +sin(zy), y €[0,1],

u(L, y)=e"(cos(zy) +sin(ry)), y €[0,1].

Then there exists a point (X, Y,) € (0,1) x (0,1) such that

@) U(X01YO):\/§eﬂ (b) u(x, Yo) =€" © u(x, Yo)=-1  (d) u(xo, Yo)=—¢"
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60.

Correct optionsare (b), (c)

Stats. Question ..................
Correct optionis ()

CAREER ENDEAVOUR
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