CHAPTER-3

Wave Functions & Operators

3.1 Introduction :

There is always a quantity asscociated with any type of waves, which varies periodically with space and
time. In water waves, the quantity that varies periodically is the height of the water surface and in light waves,
electric field and magnetic field vary with space and time. For De-broglie waves or matter waves asscociated
with a moving particle, the quantity that varies with space and time, is called wavefunction of the particle.
The temporal and spatial evolution of a quantum mechanical particle is described by a wavefunction y (X, t)
for 1-D motion and y (¥, t) for 3-D motion. It contains all possible information about the state of the system.

Condition for a physically accepted, well behaved, realistic wave function :
(i) w (x,t) should be finite, single-valued and continuous everywhere in space.
.. dy . . dy . . .
(i) e should be continuous everywhere in space. But, o may be discontinuous in some cases as follows:

(a) If the potential under which the particle is moving, has an infinite amount of discontinuity at some points,
(b) If the potential under which the particle is moving, is of dirac delta nature.

(iii) y (x,t) should be square integrable i.e. J' % (x,t)|2 dx = finite quantity

Example 1: Which of the following wavefunctions i_s acceptable as the solution of the Schrédinger equation for all

Soln.

values of x ?

2 2
@ w(x)=Asecx  (b) w(x)=Atanx  (c) ¥ (x)=Ae @) v (x)=Ae*
v (x)=Asecx and y (x) = Atan x are not finite at x =%.

—X

2
y(x)= A isnotfinite at x =+o0; ¥ (x)=Ae™ isfinite everywhere in space.

Correctoptionis (d)

Example 2: Aball bounces back off earth. You are asked to solve this quantum mechanically assuming the earthis an

Soln.

infinitely hard sphere. Consider surface of earth as the origin implying V (0) = o and alinear potential eleswhere
(ie.V (x) =—mgx for x > 0). Which of the following wavefunctions is physically admissible for this problem
(withk > 0):

—kx ) )
@ v (x)=1 B w(x)=Ae™  (0) y(x)=—Axe" (d) y(x)=Axe™

Since the earth has been taken as infinitely hard sphere, therefore the wave function of the ball will be zero for
x <0, non-zero for x > 0 and zero at infinity.
Since w (x) should be continous everywhere, the wavefunction of the ball will be zero atx =0.

Correctoptionis (d)
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3.2 Physical significance of wave function :
Generally, v (x,t) is a complex quantity. It can be multiplied by any complex number without affecting its

physical significance. In general, y (x,t) has no direct physical significance. But the quantity

v (Xt (xt) =y (x,t)|2 is real, physically significant and is defined as position probability density, i.e.,

probability of finding the particle per unit length at time ‘t’. Therefore, for 1-D motion the probability of
finding the particle between x to x + dx at time “t” is given by

v (x)y (x ) dx =y (x,t) dx
and for 3-D motion the probability of finding the particle within the volume element dz located between
rand r +dr attime ‘t’ is given by

v (Ft)y (F.t)de =y (F.1)f de
Now, w (x,t)or w (F,t) should be chosen such that the total probability of finding the particle in the entire
space should be equal to unity, i.e.,

0

[ v (x )y (F.t)dr = T v (x,t)|" dz =1 (for 1-D motion)

[ v (rp(rde= | v (7.t)" dz =1 (for 3-D motion)
spate ore

This is called the normalization condition of the wave function.

If w (x,t)or v (F,t) is normalized at some time, it remains normalized forever. This can be understood as a
conservation of probability or conservation of normalization.

Method of Normalization:

Consider ¢ (x,t) is an unnormalized wave function. We can construct a normalized wave function as

v (x,t)=Ng(x,t) where N is the normalization constant. Therefore,

Tu/*(x,t)yx(x,t)dx =|N?| Of 0" (x.)p(x t)dx =1

—00 —00

1

\/]? @ (x,t)o(x,t)dx

—00

=N =

Example 3: Normalize the wave function given by

w(x)=Ne ™ (x>0)
=Ne®* (x<0)
Normalization condition is

]9 v ydx=1=|N |2 { Jq e Xdx + Te‘zaxdx} =1

—00 -0 0

:>|N|2{i+i}=l — N =Ja
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Orthogonality condition of wave functions :

Two wavefunctions v, (x) and y, (x) are said to be orthogonal to each other, if

Iwm x)dx=0(m=n)

i.e., if a particle is in the state v, (x), then the probability of finding the particle in v, (x) is zero.

Orthonormality condition of wave functions :
Two wavefunctions v, (x) and y, (x) are said to be orthonormal to each other, if

J.l//m X)dx =&,

3.3 Operator formalism :
An operator is a mathematical rule (or procedure) that transforms a function into another function i.e.

Ay/ ( x) =¢ (x) . Every dynamical variable in Quantum mechanics is represented by a op-
erator.
Operations Symbol Result of the operation
Taking the square root J Jxm = xm2
d d _

Differentiation w.r.t. x - &(xm ) =mx™?!
Position Operator : X, y, 2

0 . .0 . G, N =
Momentum Operator : Px = —lh&. Y= —lh@, p, = —|h§ = p=-inv
Potential energy Operator : \/
Kinetic energy Operator : K = - —iﬁz

m 2m

Commutator Bracket:

The commutator bracket of two operators A and B is defined as [A, B] =AB-BA.
Examples:

d Adl// d dy dy [ d }
B = X—— = _ = — :—1
(1) {X }/l dx dx(xw) X dx X dx == "dx

FA ~n IR .0 . 0 . ~oa
(2) [X, Py ]w = %D,v — B, Xy =—|hxa—t+|h&(xw)= iny =[X, b, ]=in

Similarly, [ §. B, |=i7 and [Z, p,]=i%

Linear Operator:

An operator A is said to be a linear operator if

(i) Alcw (x)]=cAy (x) and (i) Ay (X)+v,(X)] = Awy (x)+ A, (%)

All Quantum mechanical Operators are linear in nature.
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1. [AB]=-[B,A]

3. [AB] =[8A]

4. [ABE]-[A8]¢+8[AC]

s [A[6S]]+[B.[¢.A]]+[6.[A8]]=0
6. |AT(A)]-0

7. f(A).6(A)] -0

8. [ f(A).6(B)]=0onyif[AB]=0

10. :A“, é] - nAH[A, é]

Example 4: Find the commutator bracket [[A Eﬂ, [é, Aﬂ
Soln: Let C =[A, B]

- [B,A]=-[A B]=-C

[[A BL[B, Al]=[C,—C]=-[C,C]=0

Example 5: Find the commutator bracket [xz, pz] .

soln: [ %%, p* =[x, pp |=[ X%, p | p+ p[X% p|=2x[x, p](p)+(p)2x[X.p]= 2ir(xp + px)

zpz +V (X), then calculate [X, [X’ H ﬂ :

Example 6: If H="—
m

Soln: [x,ﬁ]{x,%}r[x,v(x)]:%[x,p2]+0=%2p[X,p]=%P

[x[+A] {X% p}:%[x’ p]=—%

Eigenvalues and Eigenfunctions:

If an operator A operating on a function v, (X) gives Ay, (x)=Ay,(X), then w,(X) is called the

eigenfunction of A corresponding to eigenvalue A and the above equation is knownas eigenvalue equation

of operator A .
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~ 2 R 2
For instance, if Az% and y, (x) —ae = Ay, (x) =%
X

Therefore, v, (x) is an eigenfunction of A corresponding to eigenvalue 4.

(ae‘zx) =4ae =4y (X)

If the commutator bracket of two operators A and B is equal to zero i.e. [A, é] =0, then the physical

observables corresponding to these operators are simultaneously accurately measurable and they have a com-
plete set of simultaneous eigenfunctions.

d . . . .
Example 7: The operator (X + &j has the eigenvalue ¢ . Determine the corresponding wavefunction.

d d d
Soln:  Eigenvalue equation: (XJF&]V/ oy = d—l/): =(a-x)y = J.VW = J.(O! —x)dx

2

2
= Iny :(ax—x?}rlny/o =y =y, exp[ax—%j

d 2
Example 8: Find the constant B which makes e an eigenfunction of the operator (W —-BXx? ] :

What is the corresponding eigenvalue?
2
Soln: (d—z— szle‘aX2 = (4a2x2 —2a— Bx? )e‘axz
dx

2
For e‘aX2 to be eigenfunction of the operator [% — Bx? ) , then the eigenvalue
X

(4a®x* -~ 2a - Bx? ) must be independent of x i.e. (4a”-B)=0=B=4a’

2

d —ax2 —ax2 - -
Therefore, (W —Bx’ ] e =-2ae " : Thus the eigenvalue of the operator is (-2a).

Hermitian operator:
A operator A is said to be hermitian if A" = A and it should satisfy the following relation:

-~ t -~ A~
Dirac representation: (<¢‘A‘V/>) - <I/I‘AT‘¢)> - <l,, ‘A‘¢>
Schrodinger representation: (¢, Al//) = (A¢ l//) = f ¢ Aydr = j (A¢) ydz
Properties:
(1) Eigenvalues of hermitian operators are real.
(2) Eigenfunctions corresponding to different eigenvalues of a hermitian operator are orthogonal.
(3) All physical observable in quantum mechanics are represented by hermitian operators.

e e ) e Oy
Example: (¢, by )= ¢ ( in aXju/dx [ ¢ [ in— jdx

=-ih[¢"w]:+ihﬁ[dd—{]wd><= T(—ih (;—f] ydx = T(px¢)*de=(|ﬁx¢,w)

—00
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Hence, the momentum operator p, is hermitian in nature.

0

0 i T
Similarly, we can see that o is anti-hermitian i.e. {_} = 0

OX _&

Unitary Operator: o
Anoperator A issaid to be unitary if A" = A™
Example 9: Let, N =b'b where the operator | satisfies the relation bb" +b'b =1 and b2 = (6*)2 ~0;

then eigenvalues of N are
(a) +ve and —ve integers (b) all +ve integers (c) +1 and 0 only (d) 0and 1 only

~ AL~ A, A\ 2
Soln: N|1//>=A|l//> :>bTb|1//>=i|1//> = (bTb) |1//>=12|z//>

b'b-b'b'bb|y) = 22|w) = b'bly) =12 |w) = Aly)=1%|y)=1=01
Example 10: If v is an eigenfunction of the operator O with eigenvalue 2, thenwillit be an eigenfunction of O" too

? IfYES, then find the corresponding eigenvalue.
Soln.  Given: Oy = Ay

A

Now, O"y/ :[do.éw n times]y/ =[A-A-2----ntimes]y = A"y
Therefore, v is an eigenfunction of O" with eigenvalue A".

Example 11: Consider an operator O thatis defined as éy/(x) =y "(x), where v (x) is the complex conjugate of
w(X).ls O alinear operator ?
Soln.  We know that for a linear operator A, we have,
Al (x) + v, ()] = Ay, + Ay, (x) e
Here, Oy, (x) + v, ()] =[y1(X) + w2 ()] =5 (X) + w5 (%) = Oy (X) + Oy (%)
Therefore, criteria (1) is satisfied.
Also, for O tobe linear, O[cy (x)]=cOp(X) ... (2)
(where “c’ is a constant)
Here, O[cy ()] =¢"y " (x) =¢* (O (¥))
Criteria (2) is not satisfied.
Hence, O is nota linear operator.

Example 12. Find the value of the commutator bracket [e*, H], where H is the Hamiltonian of a system defined by;

2
H=P L i mso)
2m 2

Soln. Here, [e", H ] = {ex, (% +%kxzﬂ = % [ex, pf] [Since, [ex, xz] = O}
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T CIARINS
1 (px (;j ( X)[x, px]+%(ex)[x, px]pxj (Since,[f(x), px]=%[x, px]]

2m

:%(pxex(ih)wLex(ih) px)

:—hm(expx+ pXeX)

Example 13. Prove that the operators i(d / dx) and d? / dx? are Hermitian.

T .(.d = Tood . = d )
I— |y, dx =i | —y dXx = — d
Soln. Iww( dxjwn vy, 1%, Iwwn e j(ldxwmjwn X

—0

Therefore, id / dx is Hermitian.

oL diy LAy [T Fdy dyt
n X = n _ n m d
'[Wm X [Wm dx L: _-!; dx dx X

dx

Thus, d?/dx? is Hermitian.

{dwm T*f“’n Vi g o fddzwndx

Example 14: Find the following commutation relations:

o & ]
0) | %' 2 (||)[ F(X)}
[0 o o 0° 8% .0 A A
Soln. (i) | ——= — TS |v= =0
()_ax axz_\" (Gxﬁx X 6x)w (ax EIM
6 oF oy oy oF
F(X) |y =—(Fy)- = y+FE_FE =
(iii) { ()}\V (Fv) ax\lf VTS Folaewl
Thus, {a F(x)} F
19) 8x

Example 15: Find the equivalents of the following operators:

g ) g
o 0[ges) &[22

dz\y dy dy (dz d ]
= X p g x— pxty = | 2x—+ X+l |y
o dx T ax T e dx
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Theref (i+x)(i+x]—d—z+2xi+xz+l
CTEIOME. | dx dx dx? dx

- [Lx)(i_xj &
(i) Similarly, dx dx Ve

2
Example 16. By what factors do the operators (x*p? + p2x*) and w differ?

O 20¢H)
Soln.  (x?p2+ p2x®) f = —h?| X* —
( px px ) |: ox 2 axz

2 2
_ e L hzaa(Xf) hzzaZ—hza(foerZ@f)
ox? X O OX OX OX

2 2 2
=—hz(x2?3 f +2f +2x ﬂ+xza L +2X i] =—h2(2x26—2+4xi+2jf
X

OX ox? OX OX OX
200+ p7f ==, + py)| X2 S0

i of
=——(xp, + p,X)| 2Xx—+ f
5 P+, )( x J

r
:_h_ XE(ZXﬂj Xi E(ZXZEJ_{_M
2| ox\ ox ox  dx OX OX

2 2 2
__ 8xﬂ+4x26 z f|=-n"|2x*— 0 +4xi+1 f
2 OX OX OX OX

The two operators differ by a term —(3/2)#?
Example 17. Find the eigenvalues and eigenfunctions of the operator d / dx .

d
Soln. Eigenvalue equation: d—\v(X) =Ky (X) (where k is the eigenvalue and (x) is the eigenfunction)

:>d— kdx =y =Ce"
v

Case 1: k is a real positive quantity, v is not an acceptable function since it tends to oo Or —o0 as X — o
or —oo. The functions are non-normalizable.

Case 2: k is purely imaginary (say ia), then y = Ce™ which will be finite for all values of x. Although the
functions are non-normalizable, a wavepacket consisting of them is normalizable.

Hence, y =ce™ is the eigenfunction of the operator d / dx with eigenvalues k =ia, where a is real.




